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PREFACE. 

Although Algebra naturally foUows Arithmetic in a 0001*80 
of scientific studies, yet the change from numbers to a sys- 
tem of reasoning entirely conducted by letters and signs is 
rather abrupt and not unfrequently discourages the pupil. 

In this work it has been the intention to form a connect- 
ing link between Arithmetic and Algebra, to unite and blend, 
as &r as possible, the reasoning on numbers with the more 
abstruse method of analysis. 

The Algebra of M. Bourdon has been closely followed. 
Indeed, it has been a part of the plan, to furnish an introduc- 
tion to that admirable treatise, which is justly considered, 
both in Europe and this country, as the best work on the 
subject of which it treats, that has yet appeared. 

This work, however, even in its abridged form, is too 
voluminous for schools, and the reasoning is too elaborate 
and metaphysical for beginners. 

It has been thought that a work which should so far mo- 
dify the system of M. Bourdon as to bring it within the 
scope of our common schools, by givhig to it a more prac- 
ticed and tangible form, could not faU to be uaeiuL Such is 
the object of the Elementary Algebra. 

Having within the past year carefully revised the Algebra 
of M. Bourdon, and made therein many important changes 
and alterations, both by the addition of new luies and in the 
abridgment and simplification of those before given, it be- 
came necessary to make corresponding changes in the in- 
troductory work. The alterations before made, in the form 
of an Introduction, the Treatise on Logarithms, and the 
Supplement containing practical examples, with solutions 
given in the Key, have all been retained ; and the work is 
now presented to the public in a form which it is hoped will 
not require alteration. 

WvT Point, January, 1845. ( ill ) 



A. 8. BARNES ic COMPANY S PUBLIGATION&. 
Daviet^ Syttem of Jfathematiet. 

MATHEMATICAL WORKS, 

or A sxam of thbee faetc: 

AlRithmetical, acadbmical, and collegiatk 

BY CHARLBS DAYIES, LLD 



I. THE ARITHMETICAL COURSE FOR SCHOOLS. 

1. PRIMARY TABLE-BOOK. 

2. FIRST LESSONS IN ARITHMETIC. 

3. SCHOOL ARITHMETIC. (Kbj Separate.) 

4. GRAMMAR OF ARITHMETIC. 

II. THE ACADEMIC COURSE. 

1. THE UNIVERSITY ARITHMETIC. (Kej Separate.) 

2. PRACTICAL GEOMETRY AND MENSURATION. 

8. ELEMENTARY ALGEBRA. (Kej Separate.) 

4. ELEMENTARY GEOMETRY. 

5. ELEMENTS OF SURVEYING. 

III. THE COLLEGIATE COURSE. 

1. DAVIES* bourdon's ALGEBRA. 

2. DAVIES' LEGENDRe's GEOMETRY AND TRIGONOMETRY. 

3. DAVIES' ANALYTICAL GEOMETRY. 

4. DAVIES' DESCRn*TIVE GEOMETRY. 

5. DAVIES* SHADES, SHADOWS, AND PERSPECTIVB. 

6. DAVIES' DIFFERENTIAL AND INTEGRAL CALCULUS. . 

• DATIES' I<OGIC AND UTILITY OF MATHEHIATICS. 

This eerioB, oombfniiiff all that is most Tslaable In the tbiIou methods of Europeaii 
Inatnictioii, Improved and matured by the auggeations of more than thirty years* expe* 
rtoooe, now fonns the only complete oonaecutlve ooorae of Mathematics, f tn methoda, 
harmsnlzing as the works of one mind, cany the student onward by the aame analuffiea 
■nd the same laws of associalion, and are calculated U> Impart a oomprehonsive k/uiwt- 
edge of the sciuiico, oom>»iiiinK cleameas in the several branches, and unity and prop(««> 
Hon in the whole. Being Uie systoip %o long In use at \VoBt Pbint, through which so 
many men, eminent for their sclontiflc attainments, hare paami, and htTing beea 
adopted, as Text Books, by most of the oolleges In the United States, It may be Justly 
regarded as our 

NATION Ali SYSTEM OF mATHCMATIOS. 
) 



CONTENTS. 



CHAPTER I. 

PEILimiCAKY DIPIiriTIOMf AND EBMAKia. 

AITIClSt. 

Atgebim — ^Definitions— Ezpluiadon of the Algebraic Signs, - 1 — ^23 

Similar Terms— Reduction of Similar Terms, ... S3 — 26 

Addition^Rule, S6— 28 

Subtraction— Rale — ^Remark, 28 — 33 

Multiplication — Rule for Monomials, 83 — 36 

Rule for Polynomials and Signs, ------ 36 — 38 

Remarks— Properties Proved, 38—42 

Division of Monomials— Rule, ...... 42 — 45 

Signification of the Symbol ao, - - • - - - 45 — 46 

Of the Signs in Divison, 46 — 47 

Division of Polynomials, ----.- 47— .49 



CHAPTER n. 



ALQIBRAIC FRACTIONS. 

Definitions — Entire Quantity — Mixed Quantity, 

To Reduce a Fraction to its Simplest Terms 

To Reduce a Mixed Quantity to a Fraction, 

1 o Reduce a Fraction to an Entire or Mixed Quantity, 

To Reduce Fractions to a Common Denominator, - 

To Add Fractions, 



49—62 
62 
53 
54 
55 
56 



; 



VI 

To Subtract Fnctioiis, 
To Multiply Fractions, 
To Divide Fractions, - 



CONTENTS. 



A1TICI.BS. 

67 
68 

69 



CHAPTER III 



■QUATIONS or THI riKST DIOREB. 



Definition of an Equation — ^Properties of Equations, - 60 — 66 

Transformation of Equations — ^First and Second, - . . 66 — ^70 

Resolution of Equations of the First Degree— Rule, - - 70 

Questions involving Equations of the First Degree, - - 71 — ^73 
Equations of the First Degree involving Two Unknown 

Quantities, ---.----- 72 

Elimination — By Addition — Bj Subtraction — Bv Comparison, - 73—76 
Resolution of Questions involving Two or more Unknown 

Quantities, 76 — ^79 



CHAPTER nr. 

OP POWIES. 

Definition of Po ^ers, -------- 79 

To raise Monomials to any Power, • - . • • 80 

To raise Polynomials to any Power, . - • - - ti 

To raise a Fraction to any Power, . . - . - 82 — 83 

Binomial Theorem, --.-•-.- 84^-00 

CHAPTER V. 

Definition of Squares — Of Square Roots — And Perfect 

Squares, 90—96 

Rule f'lr Extracting the Square Root of Numbers, - - 96 — 100 

Squarf Roots of Fractions, 100 — 103 

SquaP) Roots of Monomials, 103 — 107 

Calculus of Radicals of the Second Degree, - - • 107- 109 



CONTENTS. 



Tii 



ABTIOLM. 

Addition of Radicals, ..... . 109 

Subtraction of Radicals, - - - - • • - 110 

Multiplication of Radicals, - - - - • • 111 

Division of Radicals, ....... \\% 

Extraction of the Square Root of Polynoinials, . - • 113-^1^6 

CHAPTER VL 

Equations of the Second Degree, . . • • • l]6 

De6nition and Form of Equations, . • • • 116 — 118 

Incomplete Equations, .«••••• 118 — ISS 

Complete Equations, ....... 183 

Four Forms, 183—127 

Resolution of Equations of &a Second Degree, - • - 187 — 188 

Properties of the Roots, ... ... 188— 13i 

CHAPTER Vn. 

Of Progressions, ..••.... 135 

Progressions by Differences, .-.-•- 138 — 138 

Last Term, 138—140 

Sum of the Extremes- Sum of the Series, ... 140 — 141 

The Five Numbere— To Find any Number of Means, - 141—144 

Geometrical Proportion and Progression, - - - - 144 

Various Kinds of Proportion, ... - - 144 — 166 

Geometrical Progression, -.----- 166 

Last Term— Sum of the Series, 167—171 

Progressions having an Infinite Number of Terms, - - 171 — 178 

The Five Numbers— To Find One Mean ... - 178—173 

CHAPTER Vra. . 



Theory of Logarithms 



174— 17a 



INTRODUCTION. 



W^MS«S«S^MA^^^^M^^^ 



LESSOiN L 

1. John and Charles have twelve apples between thenif' 
and each has as many as the other : How many has each ? 

If we suppose tlie apples divided into two equal parts, it is 
plain that John will have one part and Charles the other: 
hence, they will each have six apples. 

In Algebra, we often represent numbers by the letters of 
the alphabet ; that is, we take a letter to stand for a number. 
Thus, let X stand for the apples which John has. Then, as 
Charles has an equal number, x will also stand for the apples 
which he has. But together, they have twelve apples ; hence, 
twice X must be equal to 12. This we write thus : 

x+x=2x=12; 
and if twice x is equal to 12, it follows that once x, or «, will 
be equal to 6. This we write thus : 

When we write x by itself, we mean one x, or the same as 
Ix. U we write 2a:, we mean that x is twice taken ; if Sx, 
that it is taken three times, &c. 

QuBiTd — ^1. In the first question, how many apples has each boyi 
By what are numbers represented in Algebra 1 If x stands by itself, how 
many times x are expressed? What does 2x denote? What Bx% 
What 4x, dec If wo have x-j-x, to how many times x is it equal ? If 
we have the value of 2x, how do we find the value of x? 

(1) 
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3. James and John together have 24 pe&ches, and one has 
as many as the other : How many has each ? 

Let X stand for the number of peaches which James has : 

then X will also be equal to the number of peaches which 

John has ; and since they have 24 between them, 

a:+a?=,24; 

24 
tliatis, 2x=24 and «=— =12. 

Therefore, each has twelve peaches. 

3* William and John have 36 pears, and one has as many 
as the other : How many has each ? 

Let the number which each has be denoted by x. 
then a?+«=36 ; 

that is, 2a;=36 and a?=--=18. 

4* What number is that which added to itself will give a 
sum equal to 20 ? 

Let the number be denoted by x : then, as the number is 
to be added to itself, we have 

ar+a:«20; 

tliatis, 2x=20 or a:=~=:10. 

Hence, 10 is the number. 

tS. What number is that which added to itself will give 9 
sum equal to 30 ? 

QussT. — ft* In the second question, what does x stand for 1 What 
is twice X equal to ? How then do you find the value of x t 3* In the 
third question, what does x stand for t What is x equal to t How do 
you find the value of x 1 4- In the fourth question, what docs x stand 
for ? What is twice x equal to 1 How do you then find x ! 5* In the 
fiflh question, what does x stand for t How do you find its value 1 
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6 ^¥hat number is that which added to itself wiU give a 
sum equal to 50 ? 

7. What number is that which added to itseif will give a 
sum equal to 100 ? 

8. What number added to itself will give a sum equal to 80. 

9. What number added to itself will give a sum equal to 2Sk 

10. What number added to itself wiUgive a sum equal 
to37J. 



LESSON II. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : How many has each ? 

If we now suppose the apples to be divided into three equal 
parts, it is evident that John will have one of the parts and 
Charles two. 

Let us denote by x the apples which John has. Then, 2x 
will be equal to what Charles has, and x+2x will be equal 
to all the apples. This equality is thus expressed : 
ar+2a:=12; 

that is, 3a?=il2 or x=— =4 

3 

therefore, John has 4 apples, and Charles 8. 

QuK8T« — 6. How do you find the ralae of a; in the 6th question 1 
8. How in the 8th1 9. How in the 9th1 lO. How in the lOthI 

Quirrioiie oh zxaaoTt ii« — ^1. Into how many parte may we suppoM 
tho 12 apples to be divided! How many of the parta will John have? 
What is the value of each part 1 If x stands for one of the parts, what 
win stand for two parts? What for three parta? If you have the value 
of 3x, how will yoQ find the value of «? 
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2. Jajnes and John have 30 pears, and Jc^ has twice at 
many as James : How many has each ? 

Here, again, let us suppose the whole number to be divided 
into three equal parts, of which James must have one part, 
and John two. 

Let us then denote by ar, the number of pears which James 

has : then 2x will be equal to the number of pears which 

John has, and x+2x will be equal to the whole number of 

pears : and we shall have 

a:+2ar=30; 

^0 
that is, ar»30 or «=— =10. 

3 

3. William and John have 48 quills between them, and 
^ohn has twice as many as William : How many has each ? 

Let the number of quills which William has be denoted by 
X : then, since John has twice as many, his will be denoted 
by 2jr, and the quills possessed by both of them, by x+2x * 
Hence, we shall have 

a:+2x=48; 

that is, 3a:=48 or a;=_=16. 

Hence, William has 16 quills, and John 32. 

4 What number is that which added to twice itself, will 
give a sum equal to 60 ? 

Let the number sought be denoted by x, then twice the 
number will be denoted by 2x, and we shall have 
a?+2x=60; 

that is, 3ar=60 or a:=il=20: 

3 

and we see that 20 added to twice itself will give 60 

Quest* — 3. In question seamd, what is the value of one of the partn? 
3. What in qumtion 3rd ? 4. How do you state question 4tli i 
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5. John Bays to Charles, ^ give me your marbles and J shall 
nave three times as many as I hare now." "No," sa3r8 
Charles, " but give me yours, and I shall have just 51." How 
many had each ? 

Let the number of marbles which John has be denoted by. 

X : then, 2x will denote the number which Charles has, and 

smce they have 51 in all, we write 

a:+2a:=51 ; 

51 
that is, 32r:=51 or a:s=^=17. 

' 3 

6. What number is that which added to twice itself will 
give a sum equal to 75 ? 

Let the number be denoted by x : then, twice the number 
will be expressed by 2x, and 

a?+2z=75; 

that IS, « 32=75 and 2:=^=:25. 

3 

7. What number added to twice itself will give a sum 
equal to 90? 

8. What number added to twice itself will give a sum 
equal to 57 ? 

9. What number added to twice itself will give a sum 
equal to 39 ? 

10. What number added to twice itself will give a sum 
equal to 21 ? 

LESSON III. 

1. If James and John together have 24 quills, and John 
has three times as many as James, how many will each have? 

QuMT. — ft. How do you itate question 5th ? & Explain the 6th ques- 
tion? % Also the 7th. 8* What is the xequired number in the 8th 1 
9. What in the 9th1 lO. What in the lOthI 

2 
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It is plain that if we suppose the twenty-four quills to be 
divided in four equal parts, that James will hare one of the 
parts, and John three. 

Let us now designate by x the number of quills which 
James has : then 3x will denote the number of quills whicli 
John has, and we shall have 

a?+3«=24; 

24 

that is, 4x^24 and a;=^rs6. 

2. What number is that which added to three times itself 
will give a sum equal to 48 ? 

If we denote the number by ar, we shall have 
a:+3ar=48 ; 

that is. 4r=48 and a:=^=12. 

4 

3. John and Charles havd 60 apples between them, and 
Charles has three times as many as John : How many has 
each? 

If we suppose the number of apples to be divided into four 
equal parts, it is evident that John will have one of those 
parts, and Charles three. 

Let x= the apples which John has : then 3a; will stand for 

the apples which Charles has, and we shall have 

a?+3x=60; 

60 
that is, 4x=60 and «=---= 16. 

4 

Hence, John will have 15 and Charles 45. 

QuK8T< — 1. If the 24 qaills be divided into four equal parti, how 
many parts will John have 1 How many will James have ? What ti 
each part equal to 1 St. If three times a number be ailded to the number, 
how many times will the number be taken 1 If 4r is equal to 48, what 
is the value of a;1 8* Explain the third question 1 If 4r is equal to 
GO, how do you find the valu» of « 1 
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4. What number is that which being added to three times 
Itself will give a sum equal to 100 ? 

Let the number be denoted by x : then 
a?+3x«100; 

that is, 4*= 100 and ar=l^«25. 

5. What number is that which if added to four times itself, 
the sum will be equal to 60 ? 

Let X denote the number. Then, 
x+4xs60; 

that is, 5x=60 and a:==_=12. 

5 

6. What number is that which being multiplied by 3, and the 
product added to twice the number will give a sum equal to 75 ? 

Let the number be denoted by x. 
Then, 3a:=i the product of the number by 3 ; 
and 2a;s twice the number ; 
and 3x+2x^5x^75\ 

75 

and x=s — :a 15, the required number. 

5 

7. What number is that which being added to three times 
itself will give a sum equal to 140 ? 

8. What number is that which being multiplied by 5, and 
the product added to the number, will give a sum equal to 240 ? 

9. What number is that which being multiplied by 2, and 
then by 3, and the products added together, will give a sum 
equal to 125 ? 

Quest. — 5. If a namber be added to foar tiroes itself, how many tiroes 
will the number be taken ! B- U x stands for any number, what will 
stand for three times that number 1 What for twice the number? 7. 
Explain the 7th question 1 How do you state it 1 What is 4j; equal tof 
Whyl How then do you find xt 8* How do you state the 8th question! 
What is Sx equal to 1 How then do you find xt O. If x denotes a number, 
what will stand for twice the number ? What for three times the number 7 
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LESSON IV. 



I. John aiid Charles together have 80 apples, and Charles 
has four times as many as John : How many has each ? 

If wc suppose the 80 apples to be divided into 6 equal 
parts, it is evident that John will have one of the parts, and 
Charles four. 

Let X stand for the apples which John has : then 4r wiU 
stand for the apples which Charles has ; and 
x+4j:=80 ; 

that is, 6x=80 and a:=^16. 

5 

2. What number added to four times itself will give a sum 
equal to 90 ? 

3. What number added to &ve times itself will give a sum 
equal to 120 ? 

4. What number added to six times itself will give a sum 
equal to 245 ? 

5. What number added to seven times itself will give a 
sum equal to 360 ? 

N.B. The questions in the preceding Lessons will give 
some idea of the questions to which Algebra may be applied. 

Quest. — 1. If x stands for John's apples, what will denote Charles* 1 
What will stand for the apples which they both have 1 If &e is equal to 
80, what will x be equal to V ^ If a number be added to 4 times itself, how 
many times will the number be taken 1 If 5 times a number is equal to 
90, what is the value of the number? 8* Explain example 3rd. 4. 
Explain question 4th t What doesx stand for? 5* Explain the 5th 
question 7 
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CHAPTER I. 
Preliminary Definitions and Remctrks. ' 

1. Quantity is a general term applied to ereiy thing 
which can be estimated or measured. 

2. Mathematics is the science of quantity. 

3. Algebra is that branch of mathematics in which the 
quantities considered are represented by letters, and the ope^- 
rations to be performed upon them are indicated by si^^ns. 
These letters and signs are called symbols. 

4. The sign +, is called plus ; and indicates the addition 
of two or more quantities. Thus, 9+5, is read, 9 plus 5, 
or 9 augmented by 5. 

If we represent the number nine, by the letter a, and 
the number 5 by the letter &, we shall have a+^t which is 
read, a plus b ; and denotes that the number represented by 
a is to be added to the number represented by h, 

5. The sign—, b called minus ; and indicates that one 



Ovist. — 1 . What is quantity 1 2. What is Mathematics t 3. What 
is A Igebra t What are these letters and signs called ? 4. A^liat does the 
sign plus indicate ^ 6. What does ihe sign minus indicate ^ 

a* 
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quantity is to be subtracted from another. Thus, 9—5 is 
read, 9 minus 5, or 9 diminished by 5. 

In like manner, a— 6, is read, a minus &, or a diminished 
by b. 

6. The sign x > is called the sign of multiplication ; and 
when placed between two quantities, it denotes that they 
are to be multiplied together. The multiplication of two 
quantities is also frequently indicated by simply placing a 
point between them. Thus, 36 x 25, or 36.25, is read, 36 
multiplied by 25, or the product 36 by 25. 

7. The multiplication of quantities, which are represented 
by letters, is indicated by simply writing them one after the 
other, without interposing any sign. 

Thus, ab signifies the same thing as axb^ or as a,b ; 
and abc the same as ax^Xc, or as a.bx. Thus, if we 
suppose a=36, and ^=25, we have 

a5=:36x 25=900. 

Again, if we suppose a =2, 5=3 and c=4, we have 

o5c=2x 3x4=24. 

It is most convenient to arrange the letters of a product 
in alphabetical order. 

8. In the product of several letters, as abc, the single let- 
ters, a, 5, and e, are called factors of the product. Thus, 
in the product ah, there are two factors, a and b ; in the 
product ahc, there are three, a, b, and e. 



QuBBT. — 6. What is the sign of multiplication 1 What does the sign 
of multiplication indicate 1 In how many ways may multiplication be 
expressed t 7. If letters only are used, how may their multiplication be 
expressed 1 8. In the product of several letters, what is each letter 
called ^ How many factors in ah 7 — In 9hc 1 — In abed f — In abedfl 
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9. There are three signs used to denote dwision. Thus 

a-T-h denotes that a is to be divided by b. 
T denotes that a is to be divided by h, 
a}h denotes that a is to be divided by h, 

1 0. The sign = , is called the sign of equality y and is 
read, is equal to. When placed between two quantities, it 
denotes that they are equal to each other. Thus, 9—5=4 : 
that is, 9 minus 5 is equal to 4 : Also, a+hz=LC^ denotes that 
the sum of the quantities a and h is equal to c. 

If we suppose a =10, and 6=5, we have 

a+6=c, and 10+5=c=15. 

11. The sign >, is called the sign of inequality ^ and is 
used to express that one quantity is greater or less than 
another. 

Thus, a>5 is read, a greater than h\ and ii<& is 
read, a less than h ; that is, the opening of the sign is turned 
towards the greater quantity. Thus, if a=9, and 6=4, we 
write, 9>4. 

12. If a quantity is added to itself several times as 
a+a+a-^-a+a+a^ we generally write it but once, and 
then place a number before it to show how many times it 
is taken. Thus, 



Qusrr. — 9. How many signs are used in division 1 What are theyl 
10. What is the sign equality? When placed between two quantities, 
what does it indicate 1 11. For what is the sign of inequality used! 
Which quantity is placed on the side of the opening 1 12. What is a co- 
efficient 1 How many times is ah taken in the expression ah\ In 3aA t 
\fiAab\ In 6aM In 6a6 1 If no co-ffficient is written, what co^efficient 
is understood ^ 
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The number 5 is called the coefficient of a, and denotes 
that a is taken 5 times. 

When the co-officient is 1 it is generally omitted. Thus, 
a and la are the same, each being equal to a, or to one a. 

1 3. If a quantity be multiplied continually by itself, as 
aXaxaXaXd, we generally express the product by writing 
the letter once, and placing a number to the right of, and a 
little above it : thus, 

The number 5 is called the exponent of a, and denotes 
the number of times which a enters into the product as a 
factor. For example, if we have a^, and suppose a =3. 
we write, 

a3 = ax axa=33=3x3x3 = 27. 
If a=4, 03=43=4x4x4=64, 

.and for a=5, a3=53=5x6x5=125. 

If the exponent is 1 it is generally omitted. Thus, a^ is 
the same as a, each expressing a to the first power. 

1 4. The power of a quantity is the product which results 
from multiplying the quantity by itself. Thus, in the example 

03=43=4x4x4=64, 

64 is the third power of 4, and the exponent 3 shows the 
degree of the power. 

15. The sign V^ is called the radical sign, and when 

Quest. — 1 3. What does the exponent of a letter show! How many 
times is a a factor in aS ! In os ? In a4 1 In a* 1 If no exponent is 
written, what ex;)onent is understood 1 14. What is the power of a 
quantity ! What is the third power of 2 1 Express the 4th power of <u 
16. E.Ypress the square root of a quantity. Also the cube root. Also 
the iih root. 
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prefixed to a quantity, indicates that its root is »o be ex- 
tracted Thus, 

'^cToT simply •/^'denotes the square root of a. 

^a~denoies the cube root of a. 

'y/o' denotes the fourth root of a. 

The number placed oyer the radical sign is called the tn- 
dex of the root. Thus, 2 is the index of the square root, 3 
of the cube root, 4 of the fourth root, dec. 

If we suppose a =64, we have 

16. Every quantity written in algebraic language, that 
is, with the aid of letters and signs, is called an algebraic 
quantity^ or the algebraic expression of a quantity. Thus, 

o ( is the algebraic expression of three times 

( the number a ; 
e a i is the algebraic expression of five times 
( the square of a ; 

r is the algebraic expression of seven times 

Tt^h^ < the product of the cube of a by the square 

i of 6; 

3 — 5& i ^® ^^® algebraic expression of the difference 

( between three times a and five times b ; 

is the algebraic expression of twice the 

square of a, diminished by three times 

the product of a by 6, augmented by four 

times the square of b. 

1. Write three times the square of a multiplied by the 
cube of b. Ans. Za^bK 



QossT.-^16. What ii an algebraic quantity^ Is 6a^ an algebraic 
^nantitj 1 Is 9a I Is 4y T Is Zb-^x 1 



2aa— 3aA+4i^ 
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2. Write nine times the cube of a multiplied by b, dimic- 
ished by the square of c multiplied by d. Ans. 9a^^<^d. 

3. If a=2, ^=3, and c=5, what will be the ralue of 
3a' multiplied by i^ diminished by a multiplied by b multi« 
nlied by c. We have 

3a«^—aAc=3x2»x33— 2x3x5=78. 

4. If a=4, ft =6, c=7, rf=8, what is the value of 
9a2+6c— cm/? Ans. 154. 

5. If a=7, ft=3, c=7, d=l, what is the value of 
6fl</+3ft2c— 4(P? Ans. 227 

6. If a=5, ft=6, 6=6, d=5, what is the value of 
dabe—Sad+Abe'^ Ans. 1564. 

7. Write ten times the square of a into the cube of b into 
e square into d^. 

17. When an algebraic quantity is not connected with 
any other, by the sign of addition or subtraction, it is called 
a monomial^ or a quantity composed of a single term, or sim- 
ply, a term. Thus, 

3a, 5a2, 7aH\ 

are monomials, or single terms. 

18. An algebraic expression composed of two or more 
parts, separated by the sign + or — , is called a polynomial , 
or quantity involving two or more terms. For example, 

3a— 5ft and 2a»— 3cft+4ft2 

are polynomials. 

1 9. A polynomial composed of two terms, is called a bi- 
nomial ; and a pol3momial of three terms is called a trinomial. 

QussT. — 1 7. What ii a monomial t Is Soft a monomial 1 18. What 
is a polynomial! Is 3a— 6 a polynomial! 19. What is a binominn 
What is a trinomial! 
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20. £ac> of the literal factors which compose a term is 
called a dimension of this term : and the degree of a term is 
the number of these factors or dimensions. Thus, 

o \ is a term of one dimension, or of the first 

( degree, 
g > ( is a term of two dimensions, or of the 
) second degree. 

Tfl^itf*— 7flflfli [ ^* ®^ ^^ dimensions, or of the sixth 
"" ( degree. 

21. A polynomial is said to be homogeneous^ when aU 
its terms are of the same degree. The polynomial 

3a— 2^+ c is of the first degree and homogeneous. 

— 4a^+ h^ b of the second degree and homogeneous. 

ba^e^4c^+2<^d is of the third degree and homogeneous. 

8a^4-4a&-f e is not homogeneous. 

22. A vinculum or bar , or a parenthesis ( ), 

18 used to express that all the terms of a polynomial are to 
be considered together. Thus, 

o+ITfcXft, or {a+h+c)xh, 
denotes that the trinomial a+h+c is to be multiplied by h ; 



also, a+h+cy.e+d+f, or [a+h+c)x{c+d+f), 

denotes that the trinomial a+h+e is to be multiplied by 
the trinomial e+d+f. 

When the parenthesis is used, the sign of multiplication 
is usually omitted. Thus, 

(a+h+e)xb is the same as (a+^+0^. 

Qffsar. — 20. What is the dimension of a term 1 What is the degree 
of a termi How many factors in 3a6c 1 Which are theyl •What 
JB its degree t 21. When is a polynimial homogeneous 1 Is the polynt^ 
mial S«ia6+das6s homogeneous 1 Is 3a4&— M 22. For what is the 
vinculum or bar used 1 Can you express the same with tha parentheaiB f 
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23. The tenns of a polynomial which are composed of 
die same letters, the same letters in each beinf( affected 
vrith like exponents, are called similar tennt. 

Thus, in Uie pol3momial 

lab + 3a5 — 4a3*»+ 5a3*2, 

the terms 7ah, and 3^5, are similar : and so also are the 
terms --ia^b^ and 50^6^, the letters and exponents in both 
being the same. But in the binomial Sa^+7ab\ the 
terms are not similar ; for, although they are composed of 
the same letters, yet the same letters are not affected with 
like exponents. 

24. When an algebraic expression contains similar 
terms, it may be reduced to a simpler form. 

1. Take the expression 3ab+2ab^ which is evidently 
equal to 5ab. 

2. Reduce the expression 3ae+9ae+2ae to its simplest 
form. Ans, I4ac. 

3. Reduce the expression ahe+Aab€+5abc to its sim- 
plest form. 

In adding similar terms together we t^ 

take the sum of the coefficients and 4abr 

annex the literal part. The first term, 6abc 

abc, has a coefficient 1 imderstood, lOabr, 
(Art. 12). 

25. Of the diffisrent terms which compose a polynomial, 
some are preceded by the sign + , and the others by the 
sign —. The first are called additive terms^ the others 
subtractive terms. 



QussT. — ^23. What are similar tenna of a polynomial! Are SoiAl 
and 6aifts similar 1 Are 2dS&t and SoiA* 1 24. If the terms are positive 
and similar, may they be reduced to a simpler form 1 In what waj*^ 
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The first term of a polynomial is commonly not preceded 
by any sign, but then it is miderstood to be afiected with the 
sign +. 

1. John has 20 apples and gives 5 to William: how 
many has he left ? 

Now, let i:s represent the number of apples which John 
has by a, and the number given away by b : the number he 
would have lefl would then be represented by a—b. 

2. A merchant goes into trade with a certain sum of 
money, say a dollars ; at the end of a certain time he has 
gained b dollars : how much will he then have ? 

Ans. a+b dollars. 

If instead of gaining he had lost b dollars, how much 
would he have had ? Ans. a-^b dollars. 

Now, if the losses exceed the amount with which he 
began business, that is, if b were greater than a, we must 
prefix the minus sign to the remainder to show that the 
quantity to be subtracted was the greatefet. 

Thus, if he commenced business with $2000, and lost 
$3000, the true difference would be —1000 : that ib, the 
subtractive quantity exceeds the additive by $1000. 

3. Let a merchant call the debts due him additive, and 
the debts he owes subtractive. Now, if he has due him 
$600 from one man, $800 from another, $300 from another, 
and owes $500 to one, $200 to a second, and $50 to a 
third, how will the account stand ? Ans, $950 due him. 

4. Reduce to its simplest form the expression 

Sd^b+Qa^b^SaH+Aa^b-^eaH—a^b, 

QussT. — 25. What are the terms called which are preceded by the 
iign + 7 What are theterms called which are preceded by the sign — . 
If no aign is prefixed to a term, what sign la understood 7 If some of tLe 
terms are additive and some subtiactiTe, may they be reduced if similar . 
Give the rule for reducing them. Does the reduction aAet the expo- 
nents, er only ihe f rM»ilicientfl 7 

3 
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Additive terms. 


Subtraetive termt. 


+ 3a^b 


- 3a^ 


+ ba% 


- 6aH 


+ 4aH 


- aH 


Sum +I2a^b 


Sum — 10a«&. 



But, l2aH-l0a^b=z2<Pb. 

Hence, for the reduction of the similar terms of a polyno- 
mial we have the following 

RULE. 

•f 

I. Md together the confidents of ail the additive ierms^ 
and annex to thdr sum the literal part; and form a single 
subtraetive term in the same manner. 

n. Then^ subtract the less coefficient from the greater^ 
and to the remainder prefix the sign of the greater co- 
nffident^ to which annex the literal part. 

Remark. — It should be observed that the reduction affects 
only coefficients, and not the exponents. 

EXAMPLES. 

1. Reduce to its simplest form the polynomial 
+ 2fl36c2-4a36c2+ 6a35c2- 8a3ic2+ 1 1 <^bc^' 
Find the sum of the additive and subtraetive terms sepa- 
rately, and take their difference : thus. 

Additive terms. Subtraetive terms. 

+ 2<^bi^ — \a^b(^ 

+ 6a3&c« — Sa^bc^ 

+ \\a^bc^ Sum ~ 12iy3^ 
Sum +19a3&c» 

Hence, the given polynomial reduces to 
1 9a'^c«- 13«3&c«=7fl3M. 
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2. Reduce the polynomial ia^b-^Sa^b—da^b+llaH to 
its simplest form. Ans. — 2a'&. 

3. Reduce the poljmomial 7a*c«— aic*— 7aW+8«/W 
•{-Sabc^ to its simplest form. Ans. I3ahe*. 

4. Reduce the polynomial 9ch^^SM^+l5eh^+Sca-\-9ac^ 
— 24c^ to its simplest form. Aits. ac*+SccL 

The reduction of similar terms is an operation peculiar to 
algebra. Such reductions are constantly made in Algebraic 
Addition^ Subtrttction^ MuUipUcation^ and Division, 



ADDITION. 



26. Addition in Algebra, consists in finding the simplest 
equiTalent expression for several algebraic quantities. Such 
equivalent expression is called their ium, 

1. What is the sum of 

3(uc+2ab and — 2a«+a&. 

3ax+2ab 

We reduce the terms as in Art. 25, ^ 2ax+ ab 

and fmd for the sum ax+3ab 

2. Let it be required to add together \ ^, 
the expressions : i o 

The result is 3a+5b+2e 

an expression which cannot be reduced to a more simple 
form. 



QvisT. — 26. What it iddHion in Algebra T What ic auch airopleat 
and equivalent expression called 7 
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Again, add together the monomials ) 2a^ii^ 

( 7a»y 
The result after reducing (Art. 25), is . . ISa^lf^ 

3. Let it be required to find the sum \ o^^Q^bA- A* 
of the expressions ^ ggt-gy 

Their sum, after reducing (Art. 25) is . 5g^— 5fl&— 4^^ 

27. As a course of reasoning similar to the above 
would apply to all polynomials, we deduce for the addition 
of algebraic quantities the following general 

RULE. 

I. Write down the quantities to he added so that the similar 
terms shall faU under each other ^ and give to each term its 
wroper sign» 

II. Reduce the similar terms^ and annex to the results the 
terms which cannot be reduced^ giwng to each term its respec" 
tive sign, 

EZAXPLSS. 

1. What is the sum of 36ur, 5ax, — 2a« and IS^ur. ? 

Atis. I9ax. 

2. What is the sum of 4ab+Sac and 2a5— 7iic+ J. f 

Ans. 6ab+ae+d, 

3. Add together the polynomials, 
3a^^2b^^4ab, 5a»— Aa+2a6, and 3ai-3ca— 26». 

The term St^ being similar to 
5a\ we write 8a' for the result 
of the reduction of these two terms, •< 
at the same time slightly crossing 
them, as in the first tprm. 

Quirr. — 27. Give the role for the addition of Algebraic qaantiiiea. 



3^a-4#*-2^ 
6^a+2#^- l^ 

H-3#5— 2^— 3g» 
Sa^+ ab—5b^^3c^ 
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Pastiing then to the term — 4a5, which is similar to +2a6 
and +3a5, the three reduce to +ii^, which is placed after 
80^, and the terms crossed like the first term Passing 
then to the terms involving ^, we find their sum to be 
—5^, after which we write — Sc'. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 

(4) (5) (6) 

a 6a 5a 

a 5a 5b 

2a 



11a 

(9) 

7abc+9ax 

- 3aAc— Sag 

4abe+6ax 



5a+5b 

(10) 

Bax+3h 

5 aac— 9^ 

l3a«-9-6& 



(7) 
Sab 


(8) 
3ae 


5ab 
Sab 


8ae 
liae 




(11) 
12a-. 6e 




—3a— 9e 



•Qa— 15c 



Note. — ^If a=5, A=:4, c=2, «=1, what are the values 
of the several sums above found. 



(12) 


(13 


) 




(14) 


9a+f 


6ag- 


8ac 




3a/+ g +« 


•6a+g 


-7aar— 


9ac 




ag^Zaf—m 


.2a-/ 


ax+l7ae 




ab— ag+3g 


«+^ 










ab-^4g * 


(15) 








(16) 


7x+3ab+ 


3c 




8*2+ 9acx+l3a^b^c» 


3«— 3a*— 


5e 


— 


.7«»- 


13acx+14a2^c> 


5«-9a*- 


9c 


- 


.4**+ 


4ac«-20a2^ca 



9jp— 9a*— lie 

(17) 
22A— 3c— 7/+3^ 
- 3A+8c— 2/— 9^+5g 
19A4 5c— 9/— 6^+5ar 



-3a^+ + 7a«*V 

(18) 
19aA«+3a3*<— 8axJ 
- 17aA»- 9o3 M+9aar» 
2aA2— 60=**+ aa?» 



3* 
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(19) (20) 

7«— 9y+5jr+3— g 8a+ h 

— «— 3y —8— g 2a— b+ e 

— x+ y^3z+l+7g — 3a+ h +2d 
— 2ar+6y+3*— 1— g — 6&— 3c+3ii 

g+8y— 5g+9+ g —go +7g— Sd 

4a?+3y+0 +4+5^- 2a—5b+5e-^3d 

21. Add together — ^+3c— d— 115c+6/-5^, 36~2« 
-.3d-«+27/; 5c-8(f+3/-7^, -76-6c+17d+9«-5/ 
-I- 1 1^, ^3*— 5 J— 2«+ 6/— 9^+ A. 

Ans. -.8^-109c+37/-10^+A. 

22. Add together the polynomials 70^6— 3aAc— 8&2c— 9c3 
+crf2, 8a*c— 5a2^+3c3— 4^2c+ciP and 4a2i— 8c3+95*c 
— 3(P. Ans. 6a2i+5a&c— 362c— 14c3+2ciP— 3(P, 

23. "What is the sum of Sa^^c+G^a?— 4a/; — Sa^ic— 66a 
+ I4af, —af+9bx+2d^bcy +6a/-86a?+6a«6c. 

>lnj. 10a26c+6«+15q/: 

24. Whatisthesimiof fl%2_|.3a3OT+J, ^ea^n^-^Sc^^b, 
+ 96— 9a%— 5a2n2. ^n^. — 10a2«2— 12a3m+96. 

25. What is the sum of 4€^b^c^l6a^x^9ax^dy +6a^bH 
— 6aje?3J+17a*ar, +16aar3J— a*a:— 9a36«c. 

Ans. a^'^e+aa^d. 

26. What is the sum of —7^+36+4^—26, +3^ 
-364 26. Ans. 0. 

27. What is the sum of a6+3«y— m— «, — 6ay— 3in 
+ lln+cif, +3acy+4m— lOn+y^. Ans. ab+ed+fg. 

28. What is the sum of 4«y+n+6a«+9am, — 6«y+6ii 
— 6aT— 8am, 2arv— 7»+ar— am. Ans. 4 ax 
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29. Add the polynomials I9a^x^b'-'12a^cb, 5a^3r^+i4(^eb 
— lOoa?, — 2aV^— 12<i«c6, and — 18aV&— 12a3ci+9ar. 

Ans. 40^x^6-^220^66— ax. 

30. Add together 3o+b+Cy 5o+2h+3ac, a+c+oe^ 
and— 3a— 9ac— 8&. Ans, 6a— 52»+2c-— 5ac. 

31. Add together . 5aH+6cx+9bi^t 7ex—8a% and 
^l5€x—9be*+2o^. Ans. — a«5— 2cap. 

32. Add together 8«r+5aA+3a»*V, —lBax+6a^+l0ob 
and lOaJt— 15a&— 6a»*»c«. Ans. — 3a»6V+6a2. 

33. Add together 3a«+5a«ftV— 9a»«, Ta'— 8a»&V— lOa^* 
and l0ab+lSo^V+l9a^x. Ans. l0<fi+13oH\^+l0ab 
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28. Subtraction, in Algebra, consists in finding the sim- 
plest expression for the difference between two algebraic 
quantities. 

Thus, the difference between 6a and 3a is expressed by 

6a— 3a=3a; 
and the difference between 7€^b and 3cfib by 
7a^b-3a^b=i(^b. 

In like manner the difference between 4a and 3b is 
expressed by 4a— 36. 

Hence, If the quantities are positive and similar^ subtract 
the coefficients^ and to their difference annex the Uieral part. 
If they are not similar j place the minus sign before the quantity 
to be subtracted. 

Qonr. — ^28. In what does subtraction in Algrebra consist 7 How do 
yon find this difference when the qoantities are positive and similar 7 
When they are not similar, how do yon express the difference 7 
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From 


(1) 
Sab 


(2) 
6a« 


(3) 
9abe 


take 
Rem 


2ab 
ab 


Sax 


lobe 
2abc. 


From 


(4) 
16a»We 


(5) 


(6) 
2A(^h^x 


take 


9a»6=v 


3a3^c 


Id^l^x 


Rem. 


7a»6*c 


14a3ir3c 


lla^b^x 


From 


(7) 
3a» 


(8) 
4a5« 


(9) 
2am 


take ' 


8e 
Sax—Qe 


9ae 
^abx—Oac 


ax 


Rem. 


2am— oar. 



29. Let it be required to subtract from 4a 

the binomial 2bSe 

The difference may be put under the form 4a— (26— 3c) . 
We must now remark that it is the difference between 2b 
and 3c which is to be taken from 4a. 

If then, we write 4a— 26, 

we shall have taken away too much by the units in 3c ; 
hence, 3c must be added to give the true remainder, which 
is 4a— 2ft+3c. 

To illustrate this example by figures, suppose a =5, 
&=r5, and c=3. 

We shall then have 4a=20 

and . 26— 3c =10—9 = 1 

which may be written . 4o— (26— 3c)=:20— 1 =19. 



QuisT. — 29. If 26— 3c is to be taken from 4a, what is proposed to 
be done 7 If you subtract 26 from 4a, have yoo taken too much 7 Hoy 
then must you supply the deficiency 7 
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2b 



Here it is required to subtract 1 from 20. If, then, we 
subtract 2^=10, from 4a =20, it is plain tliat we shall 
have taken too much by 3c =9, which must therefore be 
added to give the true remainder. 

30. Hence, for the subtraction of algebraic quantities 
we have the following general 

I. Write the quantity to be subtracted under thai from which 
it is to be taken, placing the similar terms^ if there are any^ 
under each other. 

II. Change the signs of all the terms of the polynomial to 
be subtracted, or conceive them to be changed, and then reduce 
the polynomial result to its simplest form. 





EXAMPLES. 




From 
Take 
Rem. 


(1) 

6ae'-5ab+ c* 
3ac+3ab+7c 
3ac—Sab+ c^— 7c. 


1^1 

ill 


(1) 

6ac—5ab+ c* 
— 3ac— 3a&— 7c 
3ac—Sab+ c^— 7c. 


From 
Take 
Rem. 


(2) 
6cae—a+3h* 

9ax—x+ 6* 

—3ax—a+x+2b'. 

(4) 

— 2a»+3o»i— 8*»c 
7a3— 7o»4+lli«c. 




(3) 
eyx-3x^+5b 
yx—3 + a 
5ya?— 3ar2+3+5*-tf. 


From 
Take 


(5) 
4aA— ed+3a^ 
5fl*-4cd-|-3a«+5&« 


Rem. 


- a6+3cJ--5R 



QrsfiT. — 30. Give the rale for the subtnction of algebraic quantitiee. 
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6. From 6am+y take 3am—x. Aas. 3am+x+f, 

7. From 3ax take 3ax—y. Ans, +y 

8. From la^b^^x^ take ISa^lf^+s^. 

Ans. -Ha2i2_2a«. 

9. From —7/+ 3m— 8a: take — 6/— 5i»— 2a?+3rf+8. 

^iw. — /+8m— 6ap— 3rf— 8 

10. From — o— 5J+7c— <f take 46— c+2<f+2ik. 

-Aiw. — a— 96+8C— 3rf— 2* 

11. From . . — 3a-|-6— 8c+7«— 5/+3A— 7a?— 13y take 
*-|-2a— 9c+8«— 7ar+7/— y— 3/— jfc. 

Ans. — 5a+J+f— tf— 12/+3A— 12y+3/. 

12. From a+h take a— 6. Ans. 26. 

13. From 2«— 4a— 26+5 take 8— 56+a+6ap. 

iliw. — 4ar— 5a+36— 3 

14. From 3a+6+c— J— 10 take c+2fl— rf. 

Ans. a+6— 10 

15. From 3a+6+c— i— 10 take 6— 19+3a. 

Ans. c— rf+9 

16. From 2a6+62— 4c+6c— 6 take 3a»— c+62. 

Ans. 2a6— 3a2— 3c+6c— 6. 

17. From a^+36^c+a6«— a6c take P+ab^^abc. 

Ans. a»+363c— R 

18. From 12a?+6o— 46+40 take 46— 3a+4x+6(/— 10. 

-An^. 8a:+9a— 86— 6(/+50. 

19. From 2a?— 3a+46+6c— 50 take 9a+ar+66— 6c— 40. 

Ans. ap— 12a— 26+ 12c— 10, 

20. From 6a— 46— 12c+12ar take 2x— 8a+46— 6c. 

Ans. 14a—86— 6c+10« 

21. From 8tf6c— 126'a+6cap— 7ay take 7c«— ay— 136*0. 

Ans. 8a6c+6'a— ex— 6ary 
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31. By the rule for subtractioiiy jx^jmomials may be 
subjected to certain transformations. 



For example, 


. . 6a2- 


- Sab + 21^ -26c, 


becomes . . . 


. . 6a2- 


-{3ab - 26» +2bc). 


In like manner 


. . 7a3- 


. Sa^i- 462c+66a, 


becomes . . 


. . 7a3. 


'{BaH+ 462C-662), 


or, again, . . 


. 7a8- 


- 8fl26-(462c-662). 


Also, 


. 8a3- 


. 763 + c _j^ 


becomes . . 


. 8a3- 


.(762 _ , +^. 


Also, 


. 9^- 


- a + 3a« -rf, 


becomes • • , 


. 963- 


- (a — 3a» + J). 



32. Remark. — From what has been shown in addition 
and subtraction, we deduce the following principles. 

1st. In algebra, the words add and turn do not always, as 
m arithmetic, convey the idea of augmentation. For, if to a 
we add — 6, we have a — 6, which is, properly speaking, a 
difference between the number of units expressed by a, and 
the number of units expressed by b. Consequently, this 
result is numerically less than a. To distinguish this sum 
orom :ji arithmetical sum, it is called the algebraic turn. 

Thus, the polynomial 2a*— 30*6+ 362c is an algebraic 
Slim, so long as it is considered as the result of the union 



QuisT. — 31. How may you change the form of a polynomial 7 32. In 
algebra do the words add and turn convey the same idea as in arithme- 
tic ? What is the algebraic sum of 9 and — 4? Of 8 and —27 
May an algebraic sum ever be negative 7 What is the sum of 4 and 
—81 Do the words subtraction and difference in algebra always cozh 
v€y the idea of diminution 7 What is the algebraic difference between 
^ and — 47 Between a and — hi 
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of the monomials 2tfif — 3a^6, +3^c. with their respec 
tive signs ; and, in its proper acceptation^ it is the arithmcti- 
cai difference between the sum of the unitp contained in the 
additive terms, and the smn of the units contained in the 
subtractive terms. 

It follows from this, that an algebraic sum may, in the 
numerical applications, be reduced to a negative number, oi 
a number affected with the sign — . 

2nd. The words subtraction and difference do not always 
convey ihe idea of diminution ; for, the numerical differenet 
between +a and —6 being a+bj exceeds a. This result 
is an algebraic difference^ and can be put under the form of 



MULTIPLICATION. 

33. If a man earns a dollars in one day, how much 
will he earn in 6 days ? Here it is simply required to re- 
pe:./ the number a, 6 times, which gives 6a for the amount 

1 What will ten yards of cloth cost at c dollars per yard ? 

Ans. lOc dollars. 

2. What will d hats cost at 9 dollars per hat ? 

Ans. 9d dollars, 

3. fVhat will b cravats cost at 40 cents each ? 

Ans, 40b cents 

4. What will b pair of gloves cost at a cents a pair ? 



QuiflT.— 33. What it the object of multiplication in algebra ! Il a 
man earna a doUara in one day, how much will he earn in 4 da]rst la 
6 dava ^ In 6 daya ^ 
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Here it is plain (hat the cost will be found by repeating h 
as many times as there are units in a : Hence, the cost is 
ab cents. Ans. ab cents. 

Note. — If we suppose a=6, c=:4, and ii=3, what would 
be the numerical values of the above answers ? 

5. If a man's income is 3a doUars a week, how much 
will it be in 45 weeks. Here we must repeat 3a dollars as 
many times as there are units in 4b weeks ; hence, the pro- 
duct is equal to 

3ax4b=l2ab. 

If we suppose a =4 and 6=3 the product will be equal 
to 144. 

34. Remark. — It is plain that the product I2ab will not 
be altered by changing the arrangement of the factors ; that 
is, I2ab is the same as a6xI2, or as &axl2, or as 
tiXl2xb (See Arithmetic, ^ 26). 

35. Let us now multiply 2a^b^ by 2a'6, which may be 
placed under the form 

3a^^ X 2a^=3 X 2aaaabbb ; 

m which a is a factor four times, and b a factor three times : 
hence (Art. 13). 

3a»6» X 2a2J=3 X 2aaaabbb:=zQc^li^, 

in which, we multiply the cthefieierUs together and add the 
exponents of the like letters. 



Qvsar. — 34. Will • product be altered bj changing the arrangement 
if the factorat la So^.the aame aa 8^t la it the aameaaaxSA! 
Aa & X 3a 1 35. In molttplying monoaiiala what do you do with the eo- 
effieienta t What do you do with the ezponenta of the common letters 1 
If a letter ia found in one factor and not in the other, what do you do 1 

4 
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Hence, for the multiplicatkm of monomials, we have the 
following 

KVLE. 

I. Multiply the confidents together for a new coefficient. 

n. PFriie after this coefficient all the letters which enter 
into the multiplicand and multiplier^ affecting each with 
an exponent equal to the sum of its exponents in both fae* 
tors. 



BXAXFLES. 



1. 

8. 



Multiply 
by 



Mh(?X 7MP=Q&t^lj^(?^. 
^IcfVcdx 8ab(*= 168fl*6»c*rf. 
AabcxKdf = aSoftajf. 



(4) 



(5) 
144a2«3y 



(6; 

6acy M 

ay^z 



(7) 
a^xy 
2jcy* 
2d^x^y^ 



(8) 
27a3ft«c* 



10. Multiply Sa^iV by 6c*«». 

11. Multiply 10a*6»c8 by 7aci. 

12. Multiply %€?hxy by Sa^^ay. 

13. Multiply 36a«iVii« by 20a*Vrf*. 

14. Multiply 21axyx by daH^c^i^xyz. 

Ans. 
16. Multiply 13a»&*c by Salary. 



(9) 
S7ax^y 
3yg*y3 
261a6^ag*>/. 

An*. 30a%V» 
Ans. 70a»**c»rf. 

uliw. 720a»&»c»rf« 

243a3^V<Pa:*y'«* 
An* 104fl*ft3c«y 
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16. Multiply ^UMb'cd by VSkfa^. JSbu. 240a^l^ab^f 

17. Multiply 14fl*6»dV by ^tM^a^y. 

Ans. 280a^6Vrf«ay. 

18. Multiply 8ci»6y by Ic^bxtf. Jins. 5Mb*xi^. 
10. Multiply 76axyz by bc^bcds?}^. 

Ana. 97Mbcdix^z. 

20. Multiply 6layaj« by 9a*6cVy. Ant. 460fl*6c*xy 

21. Multiply 2a»^ by ISabx. Ant. ^W^xy\ 

22. Multiply Mshn^a/^/z by 8a6"A 

•tffw. 612a*6»c»m»af^z. 

23. Multiply 9fl»WcP by 12fl»6V. -tfyM. 108a»6Vd». 

24. Multiply 2iea6V(i" by 3a»6»c*. w3/w. 648tf*6VA 

25. Multiply TOflS^ViP/ar by 12a'65c3(/jr2y3. 

-Afw. 840ai«i"c^cf3/«3y3, 

36* We will now consider the most general case of two 
polynomials. 

Let a represent the sum of all the additive terms of the 
multiplicand, and b the sum of the subtractive terms. Let c 
denote the sum of the additive terms of the multiplier, and d 
the sum of the subtractive terms. The multiplicand will 
then be represented by a — 6, and the multiplier by c— <f ; and 
it is required to take a — b as many times as there are units in 



Let us first take a — b as many times a —6 
as there are units in e. c — d 

We begin by writing ac, which is ae-^-be 
too great by b taken c times; for it is —ad+bd 

only the difference between a and b ^c^ifc^ad+bd 

which is to be taken c times. Hence, ' 

a>^bc is the product of a — b by c. 

But it was proposed to take a — b only as many times as 
there aie units in the difference between c and d: hence the 
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last product ac---^ is too large by a-~b taken d times ; which, 
without regarding the sign of d^ is ad — bd. Changing the 
signs of this lost product, and subtracting it from that of a-^ 
by c (Art. 30), and we have 

(a— ft) X (c— <f)=ac— ftc— arf+&{i. 
37« Hence, we have the following rule for the signs. 

When two terms of the multiplicand and multipUer are 
affected with the same aign^ the corresponding product is 
affected with the sign +; and when they are affected toith 
contrary signs^ the product is affected with the sign — . 

Therefore we say in algebraic language, that + multiplied 
by +, or — multiplied by — , gives + ; — multiplied by 
+ , or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials we have the 
foUowing 

RULE. 

Multiply all the terms of the multiplicand by each term of 
the multiplier J observing that like signs give plus in the pro- 
duct, and unlike signs minus. Tlien reduce the polynomial 
result to its simplest form. 

EXAMPLES IN WHICH ALL THE TERMS ARE PLUS. 

1 Multiply 3a*+ 4a6+6» 

by 2a 4- 56 

6a»+ 8a«6+2a6» 
The product, after reducing, . •^lMb-{-20ali^+W 

becomes 6a*-h23q'6-f 2goy-f 56*. 

QuErr.— 37. What does -{. multiplied by -{. ffirel -{. multiplied 
by — ? — multiplied by -{.7 — multiplied by — 7 Give the rale Ibr 
the multiplication of polynomials. 
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% Multiply a5*+2ax+fl^ by ar+o. 

3. Multiply a:*+y* by x+y. Jina. a?*+ay+x*y+y*. 

4. Multiply 8fl6»+6a'c» by 3a6»+3«"A 

5. Multiply cFl^-\-^d by a+^. 

6. Multiply 8aa"+9a6'+ci* by 6a«A 

7. Multiply 64<i»a:»+27a«a?+9a6 ly Med. 

Am. bl2(^cd3^i'2l6d'cdx+7Wbcd. 

8. Multiply <^'\-2ax-\'3* by a-^x. 

Am. a*+S(fx+Sa3i^+a^. ' 

9. Multiply <i»+3a"a:+3aa*+a* by a+x. 

Am. i<»+4a'a:+6a"a:"+4ax»+a?«. 

10. Multiply «■+»• by a?+y, .^iw. ai^+ary^+ar^+y*. 

11. Multiply a*+xy"+7flar by ax+5aar. 

Am. 6£M:'+6aay+42a'«*. 

12. Multiply a»+3fl«6+3a6«+6' by fl+6. 

13. Multiply a'+«^+apy*+y' by af+y. 

wJn«. a?*4-aE»y+2aY+2ay>+y*. 

14. Multiply «»+2a:«+x+3 by 3ar+l. 

Am. 3a?*+7a:'+5a^+10ar+3 

GENERAL EXAMPLES. 

1. Multiply 2aa? — Soft 

by 33P — 6. 

The product 6<m5"— 9a6a: 

becomes after — 2fl6g-h3ay 

reducing 6aa:'— 1 labx 4- 3ay. 
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2. Multiply «*— 2*3 by a— 6. 

Ans. «»— 2a^3— a*5+2^ 

3. Multiply a?«— 3x— 7 by x—2, 

Ans, a:3_5a3-a.-|-i4 

4. Multiply 3a*— 5a6+2^ by a^—lab. 

Ans. So*— 26a35+37a262— 14a6» 
6. "Multiply ^+M+i« by ft*— 1. Aiw. 6«— ^ 

6. Multiply a?*— 2«'y+4a:V— 8^H16y* by «+2y. 

-Aiw. a:«+32y«. 

7. Multiply 4a!»— 2y by 2y. Ans. 8x^y^4y\ 

8. Multiply 2af+4y by 2«— 4y. Ans. 4a2— IGy*. 

9. Multiply a^+a^y+xy^+ys by a— y. 

Afw. a* — y*. 

10. Multiply a2+a?y+y* by x^—xy+y^ 

Ans. a*+«y+y* 

11. Multiply 2a2— 3<Mf+4a2 by 5a»— Goe— 2a:*. 

Afw. lOo*— 27a3aj+34aair3_i8ax3— 8a?«. 

12. Multiply 3a:*— 2ay-f 5 by aa+2a?y— 3. 

Ans. 3a*+4a3y— 4a«— 4a2y»+16«y— 15. 

13. Multiply 3x3+2a!2y2+3y* by 2^3— 3xy+5y3. 

, C 6a;«— 5a«y*— 6aj*y*+6a:3y»+ 
^' ( 15a?3y3-9a2y*+10a:2y»+15jr*. 

14. Multiply 8aa— 6a3— c by 2aa;+ai+c. 

All*. 16a«a2— 4a*6a— 6a25*+6ac«— 7a5c— c«. 

15. Multiply 3a*-56*+3c2 by a*- 6». 

Ans. 3a*-8fl262+3a2ca+5&*-3&V. 

16. 3a«— 5W+ c/ 

— 5o*+45(f-8c/. 

Pro. red. — 15a*+ 37a*M-29gV-20feg<P+44^c<y-8gyg, 
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38. To finish with what has reference to algebraic mul- 
tiplication, we will make known a few results of frequent 
use in Algebra. 

Let it be required to form the square or second power of 
the binomial {a+b). We have, from known principles, < 

{a+b)^={a+b) {a+b)=ia^+2ab+b\ 

That is, the square of the sum of two quantities is equal to 
the square of the first y plus twice the product of the first by the 
second^ plus the square of the second, 

1. Form the square of 2a-\-Zb. We have from the rule 

(2a +3ft)a = 4oa + 12a* + 95*. 

2. (5ai+3ac)2 =2502*2+ ZOa^bc+ 9aV. 

3. (5a2 +Sa'^bf =25a* + 80a** +64a**a. 

4. (6aar+9a2a:2j2-,36a2«2+ 108a3«3+81a*ar*. 

39. To form the square of a difference a~*, we have 

(a-*)2=(a-*) (a-6)=a2-2a6+*2. 

That is, the square of the difference between two quantities is 
equcd to the square of the firsts minus twice the product of the 
first by the second j plus the square of the second. 

1. Form the square of 2a—*. We have 

(2a-*)2=4aa-4a*+*a. 

2. Form the square of 4ac— *c. We have 

(4ac-*c)2= 16aV-.8a*c2+*2ca. 

3. Form the square of Ta^**— 12a*3. We have 

(7a2*2-. I2a*3)2=49a*** - 1 68a3**+ 14 4a2*«. 

QuKtT.— 38: What is the square of the ram of two quantittes eqnal to ? 
80. What is the square of the difference of two quantities equal to 7 
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40. Let it be required to multiply a+b by a^b. We 
have 

(a+b)x{a^b)=a^-^b^. 

^ Hence, the sum of two quantities, multiplied by their differ* 
ence, is equal to the difference of their squares . 

1. Multiply 2e+b by 2c— 6. We have 

(2c+6)x{2c-.6)=4c«— R 

2. Multiply 9acHr3ftc by 9oc— 35c. We have 

(9ac+35c)(9ac-35c)=81a2c2-952ca. 

3. Multiply S€fi+7ab^ by So^— Toi^. We have 

(8a3+7a52)(8a3-7a52)=64a«-49a2i*. 

41. It is sometimes convenient to find the factors of a 
polynomial, or to resolve a polynomial into its factors. 
Thus, if we have the polynomial 

ac+ab+ad, 

we see that a is a common factor to each of the terms * 
hence, it may be placed under the form 

a{c+b+d). 

1. Find the factors of the polynomial a^^+a^d+ay. 

Ans. a2(52+J+/). 

2. Find the factors of Sa^+da^^+b^d, 

Ans. b{3cfl+6aH+bd) 

3. Find the factors of 3a*5+9a»c+18a*ay. 

Ans. 3a^(b+3c+6xy). 



QuBKT. — 40. What is the sum of two qusntitios moltiplied by theit 
difference equal to 1 
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4. Find the factors of Sa'cop— 18ae«*+2ac^y— 30a*c*«. 

Ans. 2ac(4aa:— 9a!*+c*y— 15aV«). 

5. Find the factors of a^+2ab+il^. 

Ans. {a+b)x{a+b). 

6. Find the factors of a»— 6*. Ans. {a+b)x{a—b). 

7. Find the factors of a>~2a^+R 

Ans. (a—b)x(a^b). 



DIVISION. 



42. Algebraic division has the same object as arithmeti- 
cal, viz : having given a product, and one of its factors, to * 
find the other factor. 

We will first consider the case of two monomials. 

The division of 72a^ by Sa^ is indicated thus : 

72fl^ 
8a3 • 

It is required to find a third monomial, which, multiplied 

oy the second, will produce the first. It is plain that the 

Uiird monomial is 9a^ ; for by the rules of multiplication 

8a3x9a2=72a*. 

72a« 
Hence, we have ■ ' =s9g^ 

a result which is obtained by dividing the coefficient of ths 
dividend bp the coefficient of the dimsor^ and subtracting the 
exponents of the like letter. 

QvBST. — 48. Wh&t ia the object of diTition in Algebra? Oirt tbe 
mlt for dividing monomialt 1 
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Also, i^?-=5<i»->6«-><;=5a»6«, 

lab 

for, lab X 5a%e = ^bc^b^c. 

Hence, for the diTision of monomials we have the following 

I. Divide the eo^dent of the dividend by the eo^ftdad 
of the divisor^ for a new co^cient. 

n. Write after tins co^Jkient, all the letters of the divi- 
dend^ and affect each with an exponent equal to the ex- 
cess of its exponent in the dividend over that in the 
divisor* 

From these rules we find 

-— -— — =4a"6c(/; -TT-TTTir =^^cd. 
12a6"c SOd'ft'd' 

1. Divide lea:* by 8ar. ^ns. 2x. 

2. Divide 15a«y by Say. Ans. b^r^. 

3. Divide SAaV^x by \2h\ Ans. labx. 
4- Divide 36a*i*c* by Qa^^c. Ans, 4ab^e. 
6. Divide SSa^b^c by Sa^ft. An*. Uabc, 

6. Divide 99a*Maf» by Ma^h^st^. Ans. 9alf^x 

7. Divide 108a:«y*** by 54a«2r. A>w. 2xyV. 

8. Divide Six'^y^^ by 16a;«y*ir*. Ans. Axys. 

9. Divide 96a'AV by l2aHc. Ans. 8a»*»c*. 

10. Divide 54a'c*i« by 27iicd. -Aiw. 2(i«c*d*. 

11. Divide Sdo^i^c^ by 2€fib^d. Ans. Idabd^- 
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12. Divide 42(i»6V by lahc. Ans. 6ahe. 

13. Divide 64a»fr»c« by 32(^be. Ans. 2alf^e\ 

14. Divide 128a*x«y' by IGoopy*. Ans. 8a*jp»y». 

15. Divide I32b^p by 2^*/. -4iw. 6664^. 

16. Divide 256a*6V<r by 16a3Ac«. Ans. l6ab^<^iP 

17. Divide 200a®m^2 by bOa^mn. Ans. Aamn. 

18. Divide 300x^y^z^ by 60apy«jr. An*. bxhfH- 

19. Divide 27a«iV by 9aic. Aiw. 3a*ic. 

20. Dinde 64a3y««» by 32ay**'', Afw. 2aV- 

21. Divide 88a«6«c« by lla^ftV. Ans. 8a«WA 

43. It follows from the preceding rule, that the division 
of monomials will be impossible, 

Ist. When the coefficients are not divisible by each other. 

2nd. When the exponent of the same letter is greater 
m the divisor than in the dividend. 

3rd. When the divisor contains one or more letters which 
axe not found in the dividend. 

When either of these three cases occurs, the quotient re- 
mains under the form of a monomial fraction ; that is, a 
monomial expression, necessarily containing the algebraic 
sign of division, but which may frequently be reduced. 

Take, for example, \2a^hHdj to be divided by Sa^hcK 
which is placed under the form 

' I2a^b^ed 

Qoirr.— 43. What is the first case named in which the division of 
monomials will not be exact 1 What is the second 1 What is the third 1 
[f either of these cases occur, can the exact diyision be made! Under 
what form will the quotient then remain 1 Mav this fraction be often 
reduced to a simpler form ^ 
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this may be reduced by dividing the numerator and denomi- 
nator by the common factors 4, a", 5, and c, which givet 



Also, 



8a«6c« 2c 

26a'yd' _ 6g 



44* Hence^ for the reduction of a monomial fiaction to its 
simplest form, we have the following 

RULE. 

Suppress every factor^ whether numerical or Uieralf thai 
is common to both terms of the fraction^ and tlie result ttiU 
be the reduced fradum sought. 

From this new rule, we find, 

(1) (2) 

and 



^^a^H^c^de'^ Uce ' 6a^e*d^'^ Sa^d 

(3) (4) 

7a^ 1 ^ 4aH^ 2a 

also , . o.» =-:r-T- - and 



6. Divide 49a«ftV by Uo^&c^. Ans, -- — 

* 2mit 

6. Divide Gamn by Zahc, Ans, -r-- 

7. Divide 18(i«6»mfi« by 12a*5W. Ans. r-^ 



Qviri'.— 44. Oive the rule for the redaction of a mniiriiual (ractioa 
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«. Divide 2Sa^hfic*d^ by 16a*»cirm. Ans. "r^ - 

9 Divide 72a»c«^ by 12fl»c*W. Aiw. ^ 



10. Divide \00€fil^xmn by 25aSA«if. Am. 

11. Divide ^Mb^i^df by 75<i>cay. Ans. 






d 

32aW4^ 

252y 

13, Divide 85mW/ay by ISowV- An*. ^^'^\ 

127 
13. Divide 127iP««y» by 16(f*ar»y*. Ai»». y^;^. 

45. If we have an expression of the form 

a a' «• tf* «* - 

and apply the rule for the exponents, we shall have 

.^=fli-i=:a«, 4=«'~'=«*. ^=a>-»=a«, Ac. 
a a* ''^ 

But since any quantity divided by itself is equal to 1, it 
follows that 

a <r 

>r finally, if we designate the general exponent by m, we 
have 

5=a— =a«=l ; 

Ihat in^any power of which the exponent isOis tqud to 1; and 
bence, 9l factor of the form £^, being equal to 1, may be omitted. 

Qunr.-— 45. What is «^ equal to 7 What u iP equal to T What is 
the power of «fiy iwm&cr equal to» when the exponent of the power is07 

9 
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2. Divide Ga^dVJ by 2d^i/^d. 

8. Divide Bc^b^d^d^ by 4a«6Vd*. Ans. 2a> 

4. Divide l^cfih^d^ by Scfih^d, Ans. 2c/«. 

5. Divide 2>2mH^a^y^ by 4mH^xy. Ans. 8xy. 

6. Divide 96a***d8c9 by 24a*i<(f«c*. Ans. 46(P 

SIGNS IN DIVISION. 

46. The object of division, is to find a third quantity 
called the quotient, which, multiplied by the divisor, shall 
produce the dividend. 

Since, in multiplication, the product of two terms having 
the same sign is affected with the sign +» and the product 
of two terms having contrary signs is affected with the 
sign — , we may conclude, 

1st. That when the term of the dividend has the sign +, 
and that of the divisor the sign of +9 the term of the quo- 
tient must have the sign +• 

2nd. When the term of the dividend has the sign +» and 
that of the divisor the sign — , the term of the quotient 
must have the sign — , because it is only the sign — , 
which, multiplied with the sign — , can produce the sign + 
of the dividend. 



QuKST.— 46. What will the quotient, multiplied by the divisor, be 
equal to? If the multiplicand and multiplier have likeaigna, what will 
bo the sign of the product? If they have contraiy signs, what will bf 
the sign of the product? When the term of the dividend and the term 
of the divisor have the same sign, what will be the sign of the quotient 7 
Whmi they have different signs, what will be the sign of the quotient 7 



01Y1810M. 



43 



3rd. When the term of the dividend has the sign -*, and 
that of the divisor the sign +, the quotient must have the 
sign — . Again we say for brevity, that, 

+ divided by +, and — divided by — •, give + ; 
— divided by +, and + divided by — , give — . 



EXAMPLES. 



1. Divide 
Here it is 

2. Divide 

3. Divide 

4. Divide 

5. Divide 

6. Divide 

7. Divide 

8. Divide 

9. Divide 

10. Divide 

11. Divide 

12. Divide 

13. Divide 

14. Divide 

15. Divide 

16. Divide 

17. Divide 
18 Divide 



4ajp by —2a. Arts, — 2«. 

plain that the answer must be — 2« ; for, 
— 2a X — 2jc = + 4aa:, the divisor 



36a3a2 by — 12a«ar. 
— 58a35VcP by 29a^*e. 
-S4a*b^d^ by -42an^d. 
64<:*rf»ac3 by I6c*dx. 

-SSh^x^t^ by -24Zr3c«ir». 

77a* fg* by -llaV**- 
84a*b^c'd by — 42a*iac2J. 

-60a''6V(f by -12a«^VJ». 

-88fl«6V by 8a»&V. 
16x2 by — 8ir. 

— 15a2ajy3 by 3ay. 
SAaPx by —126*. 
-96a*iV by 12a35c. 

— 144aWc''rf« by -36a*iVJ. 
256a3^aS by —lea^ea^. 

— 300a*iVa?2 by 30a*^Va;. 
500a«i«c« by — 100a''&»c*. 



Ans, +5- 



Ans, — 3a«. 

Ans, — 2a^c<P. 

Ans, 2a^b^<P. 

Ans. 4rf*«*, 

An*. —7. 

An*. —2. 

1 

abed' 

Ans. — llcA. 

Ans. — 2x. 

Ans. ^5<upy^. 

Ans. 7ahx. 

Ans. — 8aiA 

Ans. Aa^h^edK 

Ans. -^ISabcx. 

Ans. — lOa^c*. 

Ans. — -SoAc*. 



Quotient. 
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19. Divide -64a»iV by -8ii**V. Ans. Sahc. 

20. Divide +96a»Mrf» by -24a* W. An*. — 4«4V. 

21. Divide 72efib^d^ by — 8a*W. Aiw. — 9aW». 

Division of Polynomials. 

FIRST EXAMPLE. 

47. Divide a*— 2aj:+a:' by a— «. 

It is found most convenient, Dividend. Divtscr. 

in division in algebra, to place a^—2ax+x^ 

the divisor on the right of the cfl— ax 

dividend, and the quotient di- — ax+a^ 

rectly u ader the divisor. — ax-^a^ 

We first divide the term a^ of the dividend by the term a 
of the divisor : the partial quotient is a, which we place 
under the divisor. We then multiply the divisor by a, and 
subtract the product a^—ax from the dividend, and to the 
remainder bring down a^. We then divide the first term of 
the remainder, —ox by a, the quotient is — x. We then 
multiply the divisor by — x, and, subtracting as before, we 
find nothing remains. Hence, a— x is the exact quotient. 

In this example, we have written the terms of the dividend 
and divisor in such a manner that the exponents of the same 
letter shall go on diminishing from left to right. This is 
what is called arranging the dividend and divisor with 
reference to a certain letter. By this preparation, the first 
term on the lefl of the dividend, and the first on the lefl of 
the divisor, are always the two which must be divided by 
each other in order to obtain a term of the quotient. 

QimiT.— 47. What do yoa understand by arranging a polynomial with 
reference to a particular letter 7 
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48. Hence, for the division of polynomials we have the 
following 

RULE. 

[. Arrange the dividend and divisor with reference to a cer- 
tain letter, and then divide the first term on the left of the 
divitlend by the first term on the left of the divisor^ the resuU 
ts the first term of the gtiotient ; multiply the divisor by this 
term, and subtract the prod'uctfrom the dividend, 

II. Then divide the first term of the remainder by the first 
term of the divisor, which gives the second term of the quotient ; 
multiply the divisor by the second term, and subtract the pro^ 
duct from the result of the first operation. Continue the same 
process until you obtain for a remainder ; in which ease the 
division id said to be exact, 

SECOND EXAJfPLB. 

Liet it be required to divide 

Slo'ia+iOa*— 48tf3^— 156*+4ai3 by 4ai— 5a»+3i«. 
We here arrange with reference to a. 

Dividend, Divisor. 



l0a*—4Ba^b+5ld^b^+ 4ab^—\bb* 

—40<Pb+57a^b^+ 4aP-l5b* 
'-40a^b+32a^b^+24ab^ 



[ ~5a»-f4aA+3^ 
Q^otieni, 



25a2&2— 20a^— 15i* 
25a2^-20a43-16ft* 



QuBrr. — #8. Give the general rule for the dmsion of polynomimle 1 
If the fmt tenn of the emnged dividend is not divisible by the fint term 
of the iimnged divisor, is the exact division possible ? If the first term 
of any partial dividend is not divisible by the first term of the divisor, it 
the exact division possible ? 

6» 
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CHAPTER II. 

Algebraic Fractions, 

49. Algebraic fractionB should be considered in the same 
point of view as arithmetical fractions, such as }, f} ; that 
is, we must conceive that the unit has been divided into as 
many equal parts as there are units in the denominator, and 
that one of these parts is taken as many times as there are 
units in the numerator. Hence, addition, subtraction, mul- 
tiplication, and division, are performed according to the rules 
established for arithmetical fractions. 

It will not, therefore, be necessary to demonstrate those 
rules, and in their application we must follow the procedures 
indicated for the operations on entire algebraic quantities. 

50. Every quantity which is not expressed under a 
fractional form is called an entire algebraic quantity. 

51. An algebraic expression, composed partly of an 
entire quantity and partly of a fraction, is called a nUxed 
quantity. 



QuvBT.— 49 How ure algebrmic (ractioDa to be considered 1 What 
does the denominator show 7 What does Uie numerator show 7 How 
then are the operations in fractions to be performed t 60. What is as 
entire quantity T 51. What is a mixed quantity? 



▲LOXBRAIC riUGTIONfl. ^ 

CASK I. 

To reduce a fraction tc its simplest terms, 
62« A fraction is said to be in its lowest terms, when then 

IS no common factor in the numerator and denominator. The 

rule for reducing a monomial fractior . to its bwest terms has 

already been given (Art. 44). 
With respect to polynomial fractions, the jbllowing are 

cises which are easily reduced. 

1. Take, for example, the expression 



This fVaction can take the form 

(g-f &) {a^b) 
(a-i)3 * 

(Art 39 and 40). Suppressing the factor a—b, which 
is common to the two terms, we obtain 

a+b 

2. Again, take the expression 

5a3— 10gg&+5g^ 
Sa^-^Sa^b 

This expression can be decomposed thus : 

8a^{a~b) • 
5a{a^by 



Qvirr. — ftS. How do joii reduce a fractioo to its timplett 



50 
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Suppressing the common factors a{a^b), the result is 

8a ' 

Hence, to reduce any fraction to its simplest terms, we sttp^ 
press or cancel every factor common to the numerator and 
denominator. 

Note. — Find the common fitctors of the numerator nnd 
denominator as explained in (Art 41). 



1. Reduce 



2. Reduce 



EXAMPLES. 

3a^+ea^^ 



12a*+6a3ca 



to its simplest terms. 



Ans. 



l+SA' 



4a«+2ac»' 
15a»c4-25a»(/ . . , 

2fa^-i-3Qa» ^ its simplest terms. 

3ir^c4-5aV 



Ans, 
3. Keauce ,, ,,^ to its simplest terms. 



11 



Ans, 



4. Reduce ^^^^ to its simplest terms. 

Ans. 



5. Reduce 

6. Reduce 

7. Reduce 



17 

■3;r' 

5c 

3a3-9y 
7b^^4a 

— 12a3^ to its simplest terms. Ans, —8. 



27a*M— 81a &• 



63a &«— 36a«A*' 



Ans. 



24&«— 36gM 
48a*^— 66a«^' 



Ans, 



4b~ea 
8a*— lla«^a' 
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CASE n. 
53. To reduce a mixed quantity to tlie form of a fraction 

RULE. 

Multiply the entire part by the denominaior of the fraetum; 
then connect this product with the terms rf the numerator by 
the rules for addition, and under the result place the given 
denominator. 

EXAMPLES. 

1. Reduce 6| to the form of a fraction 

6x7=42: 42+1=43: hence, 6^=y. 

2. Reduce x — ^ '— to the form of a fraction. 



X = ^ -= Ans, 

XXX 

3. Reduce » to the form of a fraction. 

2a 

ax — ae^ 
Ans. 



2a ' 

2«— 7 

4. Reduce 5H to the form of a fraction. 

3x 

17«-7 

All*. — 5 . 

ox 

A. Reduce 1 to the form of a fraction. 

2a-x+l 
Ans. 



QuBST.— 53. How do yoa reduce a mixed qnanUKy to the fonn of a 
fracuoa 1 
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«— 3 

6. Reduce l+2x — to the form of a fractioa. 

Ans. - 



5x 

7. Reduce 2«+& — to the form of a fraction. 

16a+8*— 3c— 4 
Ans» 



8. Reduce &ax+b : to the form of a fraction. 

4a 

lSa^x+5ab 

Ans, : 

4a 

9. Reduce 8+3ii* rr-r-; — to ^o fonn of a frac- 

l2aosr 

96a*«*+30a«i»**— 8 

tion. Afu, ,^ - ^ , 

12a&«* 

10 Reduce 9-| rr — to the form of a fraction. 

a-—er 

9a-6fc>-8c* 
Ans. 7= . 

CA8£ III. 

54. To reduce a fraction to an entire or mixed quantity. 



RULB. 

Dhnde the nutneratar by the denominator for the entire part, 
and place the remainder, if any, over the denominator for the 
fractional part. 



QuitT.— 54. How do yoa reduce • fraction to an entire or mixed 
qaantitr? 
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EZAMPLBB. 



, „ . 8966 

1. Reduce —2— to an entire number, 
o 

8)8966( 



1120 ... 6 rem. 

Hence, 1120}=: Ans. 



2. Reduce to a mixed quantity. 



Ans. a . 



3. Reduce to an entire or mixed quantity. 



Ans. a— 9, 



4. Reduce r to a mixed quantity. 



Ans. a 



b' 

a*— a* 
5. Reduce to an entire quantity. Ans. a+m. 



6. Reduce — to an entire quantity. 

Ans. ar2+«y+y». 

^ „ , 10a»-5«+3 . , 

7 Reduce to a mixed quantity. 

ox 

Ans. 2«— 1+^. 

« « J 36*»-72x+32a«j:» . ^ 

& Reduce to a mixed quanUty. 

32a>x 
Ans. 4a«-8+ — 5—. 
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CA8B IT. 



55. To reduce fractions having different denominators 
to equivalent fractions having a common denominator. 

RULE. 

Multiply each numerator into all the denominators except tu 
oumjfor the new numerators, and all the denominators togethr^ 
for a common denominator. 

EXAMPLES. 

1. Reduce ^, }, and |, to a conmion denominator. 

1x3x5=15 the new numerator of the Ist. 
7x2x5=70 „ „ „ 2nd. 

4x3x2=24 „ „ „ 3rd. 

and 2 X 3 X 5 = 30 the conmion denominator. 

Therefore, ^, f|, and }^, are the equivalent fractions. 

Note. — It is plain that this reduction does not alter the 
values of the several fractions, since the numerator and 
denominator of each are multiplied by the same number. 

2. Reduce -r- and — to equivalent fractions having 
a common denommator. 

^ the new numerators. 



Cc=«:) 



hxhz 
and hxe=hc the common denominator. 

QuBtT. — ft5. How do you reduce fractions to a eommoii denominator 1 
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Hence, r— and y— are the equivalent fractionB. 

3. Reduce -r- and to fractions ha>ing a com- 
mon denominator. Ans. r— and — r- — ^* 

be be 

4. Reduce — , — , and rf, to fractions having a 

tio Qe 

. . 9ex 4ab , 6aed 

common denommator. Ans. -^ — , -7; — , and -^ — . 

6ae 6ae 6ae 

3 2* 2x 

5. Reduce — , — , and a-\ , to fractions having 

a common denominator. 

9a Sax , 12a«+24ar 

^^' TTTTf -TFTT* ^^ 



12fl' 12a* 12a 

1 a' a'-f-x' 

6. Reduce —-, -r-, and — : , to fractions 

2 3 a+x 

having a common denominator. 

3g+3ar 2a^+2a^x 6g»+6a« 

^'^' 6H^' ea+6x ' """^ 6a+6» * 

7. Reduce :rr, -r — » *»« 1 — to a conmion 

denominator. 

Haed ISabdx . 15a«*c— 15^a» 



ISAcrf • l^bed ' 156cJ 

8. Reduce -r-, -—^f and — r-r» to a common de- 
da e a+b 

nominator. 

ac^+e^ Ha^-^dab^ . 5ac» 
Ans. ,,.,. , ,,.,. , and 



5a»c+5a*c * 5 fe-^babe ' 5a«c-f 6a6c ' 
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CASE V. 

56. To add fractional quantities together 

RULE. 

Reduce the fractions, if necessary, to a 
tar ; then add the numerators together, and place their 
over the common denominator, 

EXAMPLES. 

1. Add }, |, and | together. 

By reducing to a common denominator, we haw 

6 X 3 X 5=90 Ist numerator. 

4 X 2 X 5 = 40 2nd numerator. 

2x3x2=:12 3rd numerator. 

2x3x5=30 the denominator. 

Ileiice, the fractions become 



90 40 12 142 



30 "^30 "^30"" 30 • 
which, by reducing to the lowest terms become 4|j. 

2. Find the sum of ^-, -=-, and -7?* 
a J 

Here axdxf=^adf \ 

cxbx f=cbf > the new numerators 

exbxd=zebd ) 
And bxdxf=zbdf the common denominator. 

odf . cbf , ebd adfA-cbf-^-ebd . 
Hence, -^+-^+__=-:L_^ the 



QuBST. — 50. How do you v\d fractions. 
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3. To a~^ add 6+-=-, 



Ans. a+b+ g^ . 

X Of X X 

4. Add — , — and — together. Ans, «+ t^ 

. *,, *— 2 ^ 4» , , 19j:— 14 

5. Add and — together. Ans. — — — ^ 

^ *:,^ . »— 2 ^ . 2a— 3 ^ ^ lOar-17 

6. Add X'\ — — - to Zx-\ -— . Ans, 4x-\ — — . 

3 4 i« 

7. It is required to add 4a:, -- — , and -- — together. 

«a *>x 

, . , 5x^+ax+a^ 

Ans. 4x+ . 

2ax 

^ ^ ' .J jj 2* 7af , 2*4-1 . ,1. 

8. It 18 required to add -^, -— , and — ^ together. 

3 4 

Ans. 2x+— ^5— . 

9. It is required to add 4*, — , and 2+-T- together. 

A A . 44*+ 90 
Ana. 4«+- 



45 

2x 8* 

10. It is required to add 3*+— and » — — together. 

d 9 

23a 
u4»J. 3xH — -r-' 
45 

11. Required the sum of ac—-- and 1 — 7-. 

oa a 

8ciW— 6W-f-8tfrf— 8o« 



iln^. 



%ad 
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CASE VI. 

57. To subtract one fractional quantity from another 

RULE. 

I. Reduce the fractions to a common denominator. 

II. Subtract the numerator of the fraction to be subtracted 
from the numerator of the other frcu:tionj and place the dif 
ferenee over the common denominator. 

EXAMPLES. 

3 2 

1 . What is the difference between -=- and -—. 

7 8 

3 2 24 14 10 5 , 
7 8 ""56 66~56"'2tf 



2. Find the difference of the fractions ^, and — ;; , 

2b 3c 

"®^®» /« ^ X fti ^ 1 or J ^© numerators 
(2a— 4a?)x2&=4a&— 8&a: J 

And, 2&x3c=6&e the common denominator. 

,- 3car— 3ac Aab—Sbx 3car— 3ac— 4a*+85« . 

Hence, — -^ ^i = wi • Ans 

' 6^ ^bc %bc 

3. Required the difference of - - and — . Ans. -rr-. 

4. Required the difference of by and -5^. Ans. —-?--. 

o 8 

6. Required the difference of — and — . Ans. -^^. 



QuBST. — 57. How do you subtract fnctions ? 
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6. Required the difference between and -7. 

d 

Arts. r-r • 

7. Required the difference of — -7 — and 



Ans, 



5b ""'' 8^ 
24drf8a— 106x— 35& 



8. Required the difference of Sx+^r s^d x 

Ans. 2x+ 



40b 

g— g 
c 
«t+ftap— oi 



be • 

CASE VII. 

58. To multiply fractional quantities tofrether. 

RULE. 
If the quantities to be multiplied are fnixed^ reduce them to 
fractional forms ; then multiply the numerators together for 
a numerator and the denominators together for a denondnatar 

EXAMPLES. 

1 8 

1. Multiply -fi- ®f -7" *^y H- 

Operation, 
We first reduce the com- 1 ^ ^ _ ^ 

pound fraction to the sim- "6* "7''~42' 

pie one f^^ and then the 25 

mixed number to the equiva- ^ ^~3^ 

lent fraction y ; afler 

which, we multiply the Hence, — x— =— =— 
numerators and denomina- 42 3 126 4 2 

tors together. ^^, *^^ 

* 42' 
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2. Multiply «+^ by 4- Finrt, «+*f=f^±i5 

ad a a 

_- c'+ bx c a^e+bcx . 

Hence, . X-r= 1 — • Ans. 

a a ad 

3x 3a 9aap 

3. Required the product of — and — . Ans. -jt-* 

2x 3^ 

4. Required the product of — and -— — 

A ^* 

5a 

6. Find the continued product of — , and -~r-. 

Ans, 9ax, 

6. It is required to find the product of 6-| — and — . 

a X 

. ab+bx 
Ans. . 

X 

7. Required the product of — ^- — and -j—- — . 



Ans, 



^c+W 



x-i-l X 1 

8. Required the product of x+ , and , . 

^"*- a^+ab 

ax cfl'^x^ 

9. Required the product of a+ by --^. 

a—x X -f-flc* 

a^^a^x^ 



Ans. 



ar+a«?— a»— 4r> 



QvBflT — 68- How do yoj multiply fractions together? 
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CA8B VIII. 

SB. To divide one fractional quantity by another. 

RULE. 

Reduce the mixed quantities^ if there are any^ to fractional 
forms ; then invert the terms of the dwisor, and tnultipif the 
fractions together as in the last case^ 

EXAMFLXS. 

1. Divide. • • • oT °y "ft"* 
If tbe divisor were 5, the Operation. 

quotient would be |^%. But, ^ «.* ^ 

since the divisor is |^ of 5, "s""" 8 

the true quotient must be 8 10 10 

times 1%, for the eighth of 24~ ~ 120 

a number will be contained 10 80 2 

Bi the dividend 8 times more 120 ^ 120 ~ "3^" 

dian the number itself. In 

this operation we have actually multiplied the numerator 
of "the dividend by 8 and the denominator by R ; that is, 100 
haoe inverted the terms of the divisor and multiplied the fractions 



2. Divide • . a— -- by -^. 
Zc g 

h 2ac—h 



a^- 



2c 2c 



Hence, a-— -h-^=— ^ x4-= — » r - ^««. 

2e g 2c f 2cf 



Qvsrr. — 50. How do jou divide one fnction br another f 
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3. Lei — be dirided bj — w 

1«S 

4. Let — -— be divided by te. 

7 

5. Let —2— be divided by --•. 

o o 



6. Let be divided by -r-. 

«— 1 ^ 2 



7. Let — be divided by -7-. 



8. Let —J- be divided by -^t-» 



Ans 


91* 

60- 1 


A ** 


Ans. 


4x' 


Ant. 


2 
x-l' 


Ans. 


bhx 
•2a ' 


Ans. 


x-b 
6c»x' 


r'+ix 





9. Let -T — — ; — — rr be divided by r- 



10. DiTide 6a» + 4- by e»-^." 
O 2 



60a2-h25 



10c2-3«-f-5tf 



IL Divide ISc^-x + Ji by a*— — . 
6 5 



906c«-56x-f6a 



6ci26-6» 



12. Divide 20*'-^ by ««-.^. 



20c/cyx»— Soy 



BQUATIOMII or THX FilWT DBO&EB. (Ml 



CHAPTER III. 

Of Equations of the First Degree. 

60» An Equation is the algebraic ezpression of two equal 
quantities with the sign of equality placed between them. 
Thus, x=:a-f 6 is an equation, in which x is equal to the 
sum of a and b. 

6 1 . By the definition, every equation is composed of two 
parts, separated from each other by the sign = . The part 
on the left of the sign, is called the Jirst member ; and the 
part on the right, is called the second member. Each mem- 
ber may be composed of one or more terms. Thus, in the 
equation x=ia+by x is the first member, and a-f 6 the 
second. 

62. Every equation may be regarded as the enunciation, 
in algebraic language, of a particular question. Thus, the 
equation a:+ar=30, is the algebraic enimciation of the 
following question : 



Quest. — 60. What is an equation t 61. Of how many puts is every 
equation composed 1 How are the parts separated from each other! 
What is the part on the left called ? What is the part on the right called ? 
May each member oe composed of one or more terms 1 In the equation 
x^a-th, which is the first member ? Which the second ? How many 
terms m the first member 7 How many in the second ^ 
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To find a number which being added to itself, shaU giwt a 
sum equal to 30. 

Were it required to solve this question, we should first 
express it in algebraic language, which would give th# 
equation 

X + Xz=:30. 

By adding x to itself, we have 

2«=30. 
And by dividing by 2, we obtain 

«=15. 

Hence we see that the solution of a question by algebra 
consists of two distinct parts : viz. the statbmbnt and the 
SOLUTION of an equation. 

I. The statembnt consists m expressing aUgdrndcaUy 
the relation between the knoton and unknoum quantities. 

n. The SOLUTION of the equation consists in finding the 
value of the unknown quantity m terms of those whidi an 
known. 

The given or known parts of a question, are represented 
either by numbers or by the first letters of the alphabet; 
a, b, e, &c. The unknown or required parts are repre- 
sented by the final letters, «, y, s, dz;c. 

EXAMPLE. 

Find a number which, being added to twice itself, the 
sum shall be equal to 24. 



QuBST. — 62. How may jou regard every equation t What queatkm 
does the equation x+x=30 state! Of how many parts does the solu- 
tion of a question by algrebra consist ! Name them. What is tne 8nd 
part called! By what are the known parts of a question represented! 
By what are the unknown parts represented 7 
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StiUement. 
Let X represent the number. We shall then have 

x+2x=z24. 
This is the statement. 

Solution. 
Having .... «+2a:=24, 

we add a;+2x, 

which gives . . . 3xz=z24 , 

and dividing by 3, . x=zS, 

63. An equation is said to be verified when the answer 
found, being substituted for the unknown quantity, proves 
the two members of the equation to be equal to each other. 

Thus, in the last equation we found re =8. If we substi- 
tute this value for a; in the equation 

«+2a?=24, 

we shall have 8+2x8=8 + 16=24. 

which proves that 8 is the true answer. 

64. An equation involving only the first power of the 
imknown quantity, is called an equation of the first degree. 

Thus, 6ap+3a?— 5 = 13, 

and iLx+bx+e=df 

are equations of the first degree. 

By considering the nature of an equation, we perceive 
that it must possess the three following properties : 

QuKST.— 63. When is an equation said tot^ verified 1 64. When 
a equation involves only the first power of the unknown quantity, what 
m ft called 7 What are the three properties of every equation ? 

7 
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Ist. The two members are composed of quantities of the 
same kind : that is, dollars = dollars, pounds =:pomid9, &c. 
2nd. The two members are equal to each other. 
3rd. The two members must have the same sign. 

65. An axiom is a self-evident truth. We may here 
state the following. 

1. If equal quantities he added to both members of an eqwi' 
tion, the equality of the members will not he destroyed, 

2. If equal quantities be subtracted from both members of 
an equation^ the equality will not be destroyed, 

3. If both members of an equation be multiplied by the same 
number^ the equality will not be destroyed. 

4. If both members of an equation be divided by the same 
number, the equality will not be destroyed. 

Transformation of Equations. 

66. The transformation of an equation consists in chang 
ing its form without affecting the equality of its members. 

The following transformations are of continual use in the 
resolution of equations. 

First Transformation, 

67. When some of the terms of an equation are frac- 
tional, to reduce the equation to one in which the terms shall 
be entire. 

I. Take the equation 

2ar 3 ar 



QoKST. — 65. What is an axiom ? Name the four axioms. C6. Whal 
IS the transfonnation of an equation ? 67. What is the first transfonna- 
tion ? What is the least common multiple of seyeraJ numbers ? How 
do von find the least common multiple ? 
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First, reduce all the fractions to the same denominator 
by the known rule ; the equation then becomes 

48a: 54a? .12a: ,, 



72 72 ' 72 



and sinc« we can multiply both members by the same num- 
ber without destroying the equality, we will multiply them 
by 72, which is the same as suppressing the denominator 
72, in the fractional terms, and multiplying the entire term 
by 72 ; the equation then becomes 

48a:-54a:+12x=792, 
or dividing by 6 8x— 9x+ 2x=rl32. 

But this last equation can be obtained in a shorter way, by 
finding the least common multiple of the denominators. 

The least common multiple of several numbers is the 
least number which they will separately divide without a 
remainder. When the numbers are small, it may at once 
be determined by inspection. The manner of finding the 
least common multiple is fully shown in Arithmetic ^ 87 

Take for example, the last equation 

3 T^+6-"' 

We see that 12 is the least common multiple of the deno- 
minators, and if we multiply all the terms of the equation 
by 12, and divide by the denominators, we obtain 

8a:— 9.T+2ap = 132. 

the same equation as before found. 
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68> Hence^ to make the denomiDatois disappear from an 
equation, we have the following 

RULE. 

I. Find the least common mxdHple of aU the denomi' 
natore. 

n. Multiply every term of the equation by the common 
multiple'-^educing at the same time the fractional to entire 
terms* 

EXAMPLES. 

X X 

1. Clear the equation of -r-+-= — 4=3 of its denomi- 

5 7 

nators. Ans. 7ap+6x— 140=105. 

XXX 

2. Clear the equation -^+-^5 — 5^=® ®^ ^^ denomi- 
nators. Ans. 9x+ 6x^2x1=432 

X X X X 

3. Clear the equation -;r-+-5 5"+t;t— ^^ ofitade- 

nominators. Ans. 18x+12x— 4x+3x=:720. 

4. Clear the equation -r-+-= — -5-=4 of its denomi- 

O 7 <w 
nators. * Ans. 14x+10x— 35xr=280. 

XXX 

5. Clear the equation --+—=15 of its denomi- 
nators Ans, 15x— 12x+10«=900 



Quest. — G8. Give the rule for cleering ui equation of its denomi 
natorR. 



EQUATIONS OF THE FIRST DEGREE. 60 

6. Clear the equation s-+-s-+-;r=12 of its de- 

4 D o v 

nomiiiatora. Ans. lar— 12ar+9«+8x=864. 

7. Clear the equation -j- — j+/=^. 

Ans, ad—be+bdfzsbdg, 

8. In the equation 

ax 2c^x ^ 4bc*x 5a» . 2c» 

the least common multiple of the denominators is tfli^ ; 
hence clearing the fractions, we obtain 

Second Transformation. 

69. When the two members of an equation are entire 
polynomialsy to transpose certain terms from one member to 
the other. 

1. Take for example the equation 

5a?— 6=8+2x. 

If, in the first place we subtract 2x from both members, 
the equality will not be destroyed, and we have 

5ap— 6— 2ap=8. 

Whence we see that the term 2x^ which was additive 
in the second member becomes subtractive in the first. 



Quest. — 60. What is the second transformation 7 What do yon 
understand hy transposing a tenn ! Give th* rule for transposing from 
one member to the othor. 
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In tlie second place, if we add 6 to both members, tLe 
equality will still exist, and we bare 

5ar— 6— 2x+6 = 8+6. 

Or, since —6 and +6 destroy each other, we have 

5*— 2ap=8+6. 

Hence the term which was subtractive in the first mem- 
ber, passes into the second member with the sign of 
addition. 

2. Again, take the equatioi 

If we add ex to both members and subtract h from 
them, the equation becomes 

ax+h+cx-'b=zd — cx+cx — b, 

or reducing ax+cx=zd^b. 

When a term is taken from one member of an equation 
and placed in the other, it is said to be transposed. 

Therefore, for the transposition of the terms, we have the 
following 

RULB. 

Any term of an equation may be transposed from one mem- 
ber to the other by changing its sign, 

70. We will now apply the preceding principles to the 
resolution of equations. 

I. Take the equation 

4aj-3=2jt+5. 
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By transposing the terms —-3 and 2jr, it becomes 
4ap— 2ar=5+3. 
Or, reducing 2x=8. 

o 

Dividing by 2 a?=— =4. 

Verification, 

If now, 4 be substituted in the place of « in the given 
equation 

4a— 3 = 2a?+5, 

it becomes 4 X 4—3=2 x 4+5. 

or, 13 = 13, 

Hence, the value of » is verified by substituting it for the 
unknown quantity in the given equation. 
2. For a second example, take the equation 



12 3 8 6 

By making the denominators disappear, we have 

10x-32ar-312=21— 52ar, 
or, by transposing 

lOar— 32x+52ar=21+312 
by reducing 30x = 333 

333 111 ,^, 

'=-3or=-Tr=^^'^- 

a result which may be verified by substituting it for x in the 
given equation. 

3. For a third example let us take the equation 
(3a-'x)lc—b)+2ax=:Ab{x+a), 
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It is first necessaiy to perform the multiplications indica- 
ted, in order to reduce the two members to two polynomials, 
and thus be able to disengage the unknown quantity x^ from 
the known quantities. Having done that, the equation 
becomes, 

3a^—ax^3ab+bx+2axz=z4bx+4ab, 
or, by transposing 

—ax+bx+2ax'^4bx =z4a5+3a5— 3a', 
by reducing ax—3bx =7fl5— 3a*. 

Or, (Art. 41). {aSb)x=7ab^3(^. 

Dividing both members by a— 36 we find 

_ 7fl5— 3a» 
""- a-3A • 

Hence, in order to resolve an equation of the first degree, 
we have the following general 

RULE. 

I. If there are any denominaiorSj cause them to disappear^ 
and perform^ in both members^ all the algebraic operations 
indicated. 

II. TTien transpose aU the terms affected with the unknoum 
quantity into the first member^ and all the known terms into 
the second member. 

ni. Reduce to a single term aU the terms involving x: 
this term unll be composed of two factors^ one of which will 
be X, and the other all the multipliers of x, connected with 
their respective signs. 

TV. Divide both members of the equation by the multi^ 
plier of the unknown quantity. 

Quest. — 70. What is the first step in resolving an equation of the 
first degree 7 What the second 7 What the third 7 What the foorlh7 
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EXAMPLES. 

1. Given 3«— 2+24=31 to find x Ans, ff=3. 

2. Giren «+18=3ar— 5 to find x. Ans, x=ll-^ 

2 

3. Given 6— 2«+ 10=20— 3a?— 2 to find x. 

Ans. x=2. 

4. Given x+'--x+-^=zll to find «. Ans, «=6. 

2 3 

1 6 
6. Given 2x — — «+l=5ap— 2 to find x. Aiw. «=-—. 

2 7 

6. Given 3a«+— — 3=6x— a to find x. 

6-3a 
Ajw. «=: 



■6a-2^ 



« ^. ap— 3 , X ^^ X— 19 - - 

7. Given — ^r — |--r-=20 — to find x. 



Ans, x=23-j% 



^ rM. x+3 . X ^ X— 5 - - 

8. Given -4: — h-:r-=4 -— to find x. 



Ans. x=3^. 



9. Given -j 5"+*='q — ^ *® ^"^^ *• 



3ax 2bx 

10. Given ^ 4=/ to find x. 

e d -^ 



Ans. x=4. 



cdf^Acd 
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U. Given ?fff±-.i^=4-.ft to find x. 

66+9*— 7c 

Ans. «=-- — 7-z ^• 

16a 

12. Given — 3-+-2'= Y ^ ^^ *" 

Ans. «=10. 

18. Given -L *+iL *=/ to find x. 
abed 

abcdf 

^***- ""^ bcd^acd+abd^abe^ 

Note. — ^What is the numerical value of at, when a=l, 
ft=2, c=3, d=4, 6=5, and/=6. 

14. Given ^-^-?^=-12H to find x. 

Ans. ff=14. 

^. 3a?--5 , 4ar— 2 , - . - , ^ 

15. Given x j^-H j-j — =ap+l to find «. 

Afw. «=6. 

16. Given ar+^+-|~y =2u-43 to find x, 

Ans. a?=60 

4«— 2 3a?— 1 . ^ , ^ 

17. Given 2« ■= — = — ^ — Xo^^ x. 



18 Given 3arH — ^r — =ar+a to find ar. 
o 



An^. ar=3. 
3fl-»-'' 



^""- *=^ 6+J 

19. Given — j — ^T'^T 3 — 

i4n^. «= 



3fl -26* 
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20. Find the value of x in the equation 

a—b a+b b 

a*+3€^b+4a^l^''6ab^+2b* 



Ans. xz=- 



2b{2a^+ab'--b^) 



Of Q^estions producing Equations of the First Degree 
involving hut a single unknown quantity. 

71. It has already been observed (Art. 62), that the 
solution of a question by algebra consists of two distinct 
parts: 

1st. To make the flTATBMENT : that is, to express the con- 
ditions of the question algebraically ; 

2d. To solve the equation : that is, to disengage the known 
from the unknown quantities. 

We have already explained the manner of finding the 
value of the unknown quantity, after the question has been 
stated ; and it only remains to point out the best methods 
of putting a question in the language of algebra. 

This part of the algebraic solution of a question cannot, 
like the second, be subjected to any well defined rule. 
Sometimes the enunciation of the question furnishes the 
equation immediately ; and sometimes it is necessary to dis- 
cover, from the enunciation, new conditions from which an 
equation may be formed. 

Quest. — 71. Into how many parts is the renoiution of a question in 
B.gebra divided 1 What is the first step 1 Wha*. the second ? 'NVhich 
part has already been explained 7 Which pan is now to be considered ? 
Can this part be subjected to exact rulos 7 Give the general rule for 
4taung a question 
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In almost all cases, howeTer, we aie able to make the state- 
ment ; that is, to discorer the equation, by applying the foi- 
Jowing 

RULE. 

Reprtaent the unknown quantity by 9ne of the final letten 
of the alphabet ; and then indicate by means of the algebraic 
signsy the same operations on the known and unknown quanr 
titiest as unndd verify the value of the unknoum quantity^ 
were such value known. 

QUEflnOMS. 

1. To find a number to which if 5 be added, the sum will 
be equal to 9. 

Denote the number by x. 
Then by the conditions 

«+5=9. 

This is the statement of the question. 
To find the yalue of a;, we transpose 5 to the second 
member, which gives 

ar=9— 5=4. 

Verification. 
4+5 = 9. 

2. Find a number such, that the sum of one half, one 
third, and one fourth of it, augmented by 45, shall be equal 
to 448. 

Let the required number be denoted by x, 

X 

Then, one half of it will be denoted by — . 

X 

one third „ „ ^7 "T- 

o 

one fourth , „ by -— -. 
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And by the condltioiis, 

XXX 

This is the statemeTit of the question. 
To find the ralue of x, subtract 45 from both members: 
this gives 

XXX 

_+_+_=403. 

By clearing the terms of their denominators, we obtain 

6«+4x+3d;=r4836, 

or 13ar=:4836. 

TT 4836 ^^ 

Hence, ap=-— -=372. 

Verificaiion, 

372 372 372 
^+-^+-^+45=186+124+93+45=448. 

<0 o 4 

3. What nmnber is that whose third part exceeds its 
fourth by 16. 

Let the required number be represented by x. Then, 

•^= the third part. 
3 



--<e= the fourth part 
4 

And by the question 

^-.-j^=16. 

This is the statement. To find the ralue of «, we clear 
the terms of the denominators, which giyes 

4ar— 8«=192. 
and jp=192. 

8 
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Verificatum. 
192 192 



= 64-48=16. 



3 4 

4. Divide $1000 between A, B and C, bo that A sbaD 
have $72 more than B, and C $100 more than A. 

Let x= B's share of the $1000. 

Then x+ 72= A's share, 

and a; +172= C's share, 

their sum is 3a;+244=$1000. 

This is the statement. 

By transposing 244 we have 

3a?=1000-244=756 

756 
and «=— ^— =252= B's share. 

Hence, x+ 72 =252+ 72 = $324= A's share. 
And «+ 172 =252+172 = $424= C's share. 

Verification. 
252+324+424 = 1000. 

5. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then guaged, appeared to be half full: how much did it 
hold? 

Suppose the cask to have held x gallons. 

Then, — what leaked away. 

X 

And — + 21= what had leaked and been drawn 

Hence, — + 21=— -« by the question. 
This is the statement. 
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To find ff, we have 

2a;+ 126=30, 

and — X =—126, 

or X = 126, 

by changing the signs of both members, which does not 
destroy their equality. 



Verification. 

126 . „ ^^ . ^, ^^ 126, 
— - — h 21 =42+21 =63=— -— 



6. A fish was caught whose tail weighed 9/^., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together ; what was 
the weight of the fish ? 

Let 2x= the weight of the body. 

Then, 9+ap= weight of the head ; 

and since the body weighed as much as both head and tail, 

2a?=9+9+«, 

which b the statement. Then, 

2x— ffslS and «=18. 

Hence we have, 

2a?= 36^. = weight of the body. 

9+»=27ift.= weight of the hep-l 

9Z&.= weight of the lail. 

Flence, 72M.= weight of the fish. 
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7. The sum of two numbers is 67 and their difference 
19 : what are the two numbers ? 

Let xz=z the least number. 

Then, «+19= the greater. 

and by the conditions of the question 

2x+ 19=67. 

This is the statement 

To find X, we first transpose 19, which gires. 

2«=67-19=48; 

hence, «=— =24, and x+lP9=43. 
2 

Verification. 

43+24=67, and 43-24sl9. 

Another Solutum. 

Let X represent th^ greater number : 

then, X— 19 will represent the least, 

and, 2x— 19=67, whence 2x=67+l9| 

86 
therefore, xaa— =:43 

and consequently «— 19=43— 19=24. 

General Solution of this Problem. 

The sum of two numbers is a, their difference is L 
What are the two numbers ? 
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Let « be the least number, 

x+b will represent the greater. 
Hence, 2a( + l=:a, whence 2x=a^6; 

therefore, «=— ^; — =t: :r'f 

, ' 2 2 2' 

and consequently, x+b=z- — —+b=z—+—. 

# 
As the form of these two results is independent of any 
ralue attributed to the letters a and &, it follows that, 

Knowing the sum and difference of two numbers, we obtain 
the greater by adding the half difference to the half sum, and 
the less, by subtracting the half difference from half the sum. 

Thus, if the given sum were 237, and the difference 99, 

, , . 237 . 99 237+99 336 ,^^ 
the greater IS -^^Y' ^' 2 =-^=^^^^1 



237 99 138 

T— T' ^' — 



and the least ^^ — ^, or '^^ ==B9. 
2 2 " 



Verification, 

168+69=237 and 168-69=99. 

8. A person engaged a workman for 48 days. For 
each day that he laboured he received 24 cents, and for 
each day that he was idle, he paid 12 cents for his board. 
At the end of the 48 days, the account was settled, when 
the labourer received 504 cents. Required the number of 
working days, and the number of days he was idle. 
8» 
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If these two numbers were known, by multiplying tbera 
respectively by 24 aud 12, then subtracting the last product 
from the first, the result would be 504. Let us indicate 
these operations by means of algebraic signs. 

Let « = the number of working days. 

48— « = the number of idle days. ^ 

Then, 24 x or = the amount earned, 
and 12(48—0:)= the amount paid for his board. 
Then, 24ap— 12(48— a:)=504 • 
what he received, which is the statement. Then to find « 
we first multiply by 12, which gives 

24x— 576+12x=504. 

or, 36j:=504+576=:1080, 

1080 ^^ ^ ,. ^ 

ap= =30 the working days. 
36 

whence, 48—30=18 the idle days. 

. Verification. 

m 

Thirty day's labour, at 24 cents 
a day, amounts to 30x24=720 cents 

And 18 day's board, at 12 cents 

a day, amounts to 18x12=216 cents. 

The difference is the amount received 504 cents. 

General Solution. 

This question may be made general, by denoting the 
whole number of working and idle days by n. 
The amount received for each day he worked by a. 
The amount paid for his board, for each idle day, by b 
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And the balance due the laborer, or the result of the 
account, by c. 

As before, let the number of working days be repre- 
sented by re. 

The number of idle days will be expressed by »— ar. 

Hence, what he earns will be expressed by ax. 

And the sum to be deducted, on account of his board, by 

The equation of the problem therefore is 

ax^b{n — ap)=c, 

which is the statement. To find x we first multiply by 6, 
which gives 

ax — hn-\-hxr:ie 
or, (fl+ft)«=c -{-bn 

whence, «= — tt— = working days. 

- , c +hn an+hn^e^hn 

and consequently, n — « = » —r— = . . ■, 

' a -{--0 a+b 

an — e 
or »— «=• 



— «= — —r-^ idle days. 

a+b ^ 



Let us now suppose n= 48, a=24, 6=12, and c=504 
These numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wite, 
oue-sixth to each of two daughters, one-twelfth to a servant 
and the remaining $600 to the poor : what was the amount 
of his property 7 
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Represent the amount of the property by at. 
Then, — = what he lefl to his wife, 



2 

X 



what he left to one daughter, 



2j> X 

and -7-=*^ ^^^ ^^ 1^^ ^ ^^ daughters, 

6 3 

— = what he left to his servant. 

$600 to the poor. 
Then, by the conditions of the question 

XXX 

the amount of the property, which gives «=$7200. 

10. A and B play together at cards. A sits down with 
$84 and B with $48. Each loses and wins in turn, when 
it appears that A has five times as much as B. How much 
did A win ? 

Let X represent what A won. 
Then A rose with $84+ a? dollars, 

and B rose with $48— « dollars. 

But by the conditions of the question, we have 
84+ar=:5(48— ap), 
hence, 84+ap=240— 5a; ; 

and, 6x=156, 

consequently, or =$26 what A won. 

Verification. 

84+26=110; 48-26=22; 

110=5(22)=110 



EQUATIONS OF THE FIRST DEGREE. 85 

11. A can do a piece of work alone in 10 days, B in 13 
days : in what time can they do it if they work together ? 

Denote the time by or, and the work to be done by 1. 

Then in 1 day A could do — of the work, and B could 

1 X 

do — ; and in x days A could do — of the work, and 
!•> 10 

B, — : hence, by the conditions of the question 
l** 

X X 

To"^l3='^' 

which gives 13ar+ 10a?=130 : 

130 
hence, 23«=130, ar=— —=5^ days. 

12. A fox, pursued by a greyhound, has a start of 60 
leaps. He makes 9 leaps while the greyhound makes but 
6 ; but, three leaps of the greyhound are equivalent to 7 
of the fox. How many leaps must the greyhound make to 
overtake the fox % 

From the enunciation, it is evident that the distance to 
be passed over by the greyhound is composed of the 60 
leaps which the fox is in advance, plus the distance that the 
fox passes over from the moment when the greyhound starts 
in pursuit of him. Hence, if we can find the expression for 
these two distances, it will be easy to form the equation of 
the problem. 

Let 0?= the number of leaps made by the greyhound 
before he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound 

9 3 

makes but 6, the fox will make -^ or — leaps while 

6 « 
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the greyhound makes 1 ; and, therefore, while the greyhound 

3 
makes x leaps, the fox will make —x leaps. 

Hence, the distance which the greyhound must pass over 

3 

will he expressed by 60+— a: leaps of the fox. 

« 

It might be supposed, that in order to obtain the equation, 

3 

it would be sufficient to place x equal to 60-f-- ~-«; but 

in doing so, a manifest error would be committed ; for the 

leaps of the greyhound are greater them those of the fox, and 

we should then equate numbers of different denominations ; 

that is, numbers referring to different units. Hence it is 

necessary to express the leaps of the fox by means of those 

of the greyhound, or reciprocally. Now, according to the 

enunciation, 3 leaps of the greyhound are equivalent to 7 

leaps of the fox, then 1 leap of the greyhound is equiva- 

7 
lent to — leaps of the fox, and consequently x leaps of 
o 

Ix 
the greyhound are equivalent to — of the fox. 

«j 

Hence, we have the equation 

Ix 3 

y=60+-.; 

making the denominators disappear 

14«=360+9.r, 

whence 5x=360 and ap=72. 

Therefore- the greyhound will make 72 leaps to overtaKe 
the fox, and during this time the fox will make 

3 
72 X-;;- or 108 

<6 
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Verification. 
The 72 leaps of the greyhound are equiyalent to 

leaps of the fox. And 

60+108=168, 

the leaps which the fox made from the beginning. 

13. A father leaves his property, amounting to $2520, to 
four sons, A, B, C, and D. C is to have $360, B as much 
as C and D together, and A twice as much as B less 
$1000 : how much does A, B, and D receive ? 

Ans. A $760, B $880, D $520. 

14. An estate of $7500 is to be divided between a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself 
$500 more than all the children : what was her share, and 
what the share of each child ! 

/ Widow's share $4000. 
Ans.} Each son's $1000. 

' Each daughter's $500. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the children 20 more than the men and women 
together : how many of each sort in the company ? 

Ans. 44 men, 36 women, 100 children. 

16. A father divides $2000 among five sons, so that each 
elder should receive $40 more than his next younger bro- 
ther : what is the share of the youngest ? Ans. $320. 

17. A purse of $2850 is to be divided among three per 
sons. A, B, and C. A*s share is to be to B's as 6 to 1 1 
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and C is to have $300 more than A and B together : what 
is each one's share 1 

Ans. A*s $450, B's $825, C's $1575 

18. Two pedestrians start from the same point; the first 
steps twice as far as the second, but the second makes 5 
steps while the first makes but one. At the end of a certain 
time they are 300 feet apart. Now, allowing each of the 
longer paces to be 3 feet, how far will each have travelled? 

Ans. Ut, 200 feet; 2nd, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices^ 
received at the end of a certain time $144. The carpen- 
ters received $1 per day, each joume3anan half a dollar, 
and each apprentice 25 cents : how many days were thej 
employed ? Ans, 9 days, 

20. A capitalist receives a yearly income of $2940 : four- 
fifths of his money bears an interest of 4 per cent, and the 
remainder at 5 per cent : how much has he at interest ? 

Ans. 70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and .the third in three : 
in what time will the cistern be emptied if they all run 
together? Ans. 3%^^n. 

22. In a certain orchard ^ are apple trees, \ peach trees, 
^ plum trees, 120 cherry trees, and 80 pear trees : how 
many trees in the orchard ? Ans. 2400. 

23. A fanner being asked how many sheep he had, 
answered that he had them in five fields; in the 1st he 
had 1^, in the 2nd ^, in the 3rd |^, and in the 4th j^, and in 
the 5th 450 : how many had he ? Ans. 1200 

24. My horse and saddle together are worth $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse f Ans. 120* 
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25. The rent of an estate is this year 8 per cent greater 
ihan it was last. This year it is $1890 : what was it last 
year? Ans. $1750. 

26. What number is that from which, if 5 be subtracted, 
I of the remainder will be 40 ? Ans. 65. 

27. A post is •}- in the mud, ^ in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans, 24feeL 

28. After paying \ and } of my money, I had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence : he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beggars. 

Ans. 11. 

30. A person in play lost | of his money, and then won 
3 shillings ; afler which he lost ^ of what he then had ; 
and this done, found that he had but 12 shillings remaining : 
what had he at first ? Ans. 20s, 

31. Two persons, A and B, lay out equal sums of money 
in trade ; A gains $126, and B loses $87, and A's money 
18 now double of B's : what did each lay out ? 

Ans. $300. 

32. A person goes to a tavern with a certain sum of mo- 
ney in his pocket, where he spends 2 shillings ; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
again as much money as was left, he went to a third tavern, 

' where likewise he spent two shillings and borrowed as 
much as he had left ; and again spending 2 shiUings at a 
fourth tavern* he then had nothing remaining. What had 
he ai first f Ans 3s. 9d. 

9 
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Of Equations of the First Degree involving two or 
more unknown quantities. 

72. Although seyeral of the questions hitherto resolved 
contained in their enunciation more than one unknown quan- 
tity, we have resolved them all by employing but one sym- 
bol. The reason of this is, that we have been able, from 
the conditions of the enunciation, to express easily the other 
*inknown quantities by means of this symbol ; but we are 
unable to do this in all problems containing more than one 
unknown quantity. 

To ascertain how problems of this kind are resolved, let 
us take some of those which have been resolved by means 
of one unknown quantity. 

1. Given the sum of two numbers equal to 36 and their 
difference equal to 12, to find the numbers. 

Let x=: the greater, and y=: the less number. 

Then, by the Ist condition «+y=36» 

and by the 2nd, g— y=12. 

By adding (Art 65, Ax. 1), .... 2x=:48. 

By subtracting (Art. 65, Ax. 2), . . . 2y=:24. 

Each of these equations contains but one unknown quantity 

4ti 

Prom the first we obtair ar=— =24. 

2 

And from the second jr=---=12 

2 

VerifiecUion. 

«+y=36 gives 24+12=36 
«— V=12 „ 24-12 = 13 
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General Solution. 
Let x=: the greater, and y the less number. 

Then by the conditions . ' «-f y=.a, 

and • . » — y=&« 

By adding, (Art. 65, Ax. 1), . . . 2x=a+b. 

By subtracting, (Art. 65, Ax. 2), . . 2y=a— 6. 

Each of these equations contains but one unknown quantity 

From the first we obtain «= . 

2 

And from the second y= . 

Verification, 

a+b , a—b 2a . a+b a^b 2b , 
-2-+-2-=2-=«; and ^=-^=h. 

For a second example, let us also take a problem that has 
oeen already solved. 

2. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when 
the laborer received 504 cents. Required the nu:nber of 
working days, and the number of days he was idle. 

Let «= the number of working days, 

y= the number of idle days. 
Then, 24x= what he earned, 
and 12y= what he paid for his board. 

Then, by the conditions of the question, we have 

x+y =48, 
and 24a:— 12y=:504. 

This is the statement of the question. 
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It has already been shown (Art. 65, Ax. 3), that the two 
members of an equation can be multiplied by the same num- 
ber, without destro3ring the equality. Let, then, the 5rst 
equation be multiplied by 24, the coefficient of « in the 
second : we shall then have 

24x+24y=1152, 

2 4a?— 12y= 504. 

And by subtracting, 36y= 648, 

and y=l6-=^®- 

Substituting this value of y in the equation 

24«— 12y=504, we have '24a?— 216=504, 

which gives 

720 
24x=504+216=720, and «=-!— -=30. 

24 

Verification, 

m+ y= 48 gives 30+18= 48, 

24a;— 12y=504 gives 24x30—12x18=504. 

Elimination. 

7 3. The method ^hich has just been explained)ol com« 
bining two equations, involving two unknown quantities, and 
deducing therefrom a single equation involving but one« is 
called elimination. 



QuKST. — 73. What is elimination ! How many methods of elimina- 
tion are there 1 Give the rule for elimination by addition and subtrac- 
tion ? What is the first stepi What the second 1 What the third 1 
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There are three principal methods of elimination : 

Ist By addition and subtraction 

2d. By substitution. 

3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Subtraction. 

1. Take the two equations 

3;r-2y=7 
8«+2y=48. 

If we add these two equations, member to member, we 
obtain 

11«=55. 
which gives, by dividing by 11 

9=5: 

and substituting this value in either of the given equations, 
we find 

y=4. 

2. Again, take the equations 

8a?+2y=:48 
3a;+2y=r23. 

If we subtract the 2nd equation from the first, we obtain 
5a;r=25, 
which gives, by dividing by 5 

and by substituting this value, we find 

y=4. 
9» 
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3 Take the two equations 

5x+7y=43. 
lla?+9y=69. 

If^ in these equations, one of the unknown quantities 
affected with the same coefficient, we might, hy & simple 
subtraction, form a new equation which would contain but 
one unknown quantity. 

Now, if both members of the first equation be multiplied 
by 9, the coefficient of y in the second, and the two mem* 
bers of the second by 7, the coefficient of y in the first, we 
will obtain 

45a?+63y=387, 
77x+63y=483. 

Subtracting, then, the first of these equations from the 
second, there results 

32x=96, whence x=3. 

Again, if we multiply both membeis of the first equation 
by 11, the coefficient of x in tht? second, and both members 
of the second by 5, the coefficient of x in the first, we will 
form the two equations 

55;r+77y=473, 
55a:+45y=345. 

Subtracting, then, the second of these two equations from 
the first, there results 

32y=128, whence y=4. 

Therefore ar=3 and y=4, are the values of x and y. 

Verification. 
5ap+7y=43 gives 5x3+7x4=15+28=43; 
lla:+95=x69 „ 11x3+9x4=33+36=69. 
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The method of elimination just explained, is called the 
method by additum and subtraction. 

To elhninate by this method we have the following 

RULE, 

I. See which of the unknown quantities you will eliminate, 

II. Make the coefficient of this unknown quantity the same 
in both equations, either by multiplication or division. 

III. If the signs of the like terms are the same in both 
equations f subtract one equation from the other ; but \f the 
signs are unlike, add them. 

EXAMPLES. 

4. Find the values of st and y in the equations 

3*— y=3, 
y+2x=7. 

Ans. ff=2, y=3. 

5. Find the values of x and y in the equations 

4«— 7y= —22, 
5«|-2y=37. 

Ans, ar=5, y=6 

6. Find the values of x and y in the equations 

2ar+6y=42, 
8*— 6y= 3. 

Ans, ar=4^, y=5^. 

7. Find the values of x and y in the equations 

8*— 9y=l. 
6x~'3y=Ax. 

Ans, a?=i, y=:J. 
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8. Find the values of x and y in the equations 

14it-15y=12, 
7x+ 8y=37. 

Ans, «=3, y=2. 

9. Find the values of x and y in the equations 

2^+Yy=6, 

All*. «=6, /=r9. 

10. Find the values of x and y in the eqi:ations 



ap— y=— 2. 



y*+-8y=4, 



Afw. 4f=14, y=:16. 

11. Says A to B, you give me $40 of your money, and 
I shall then have 5 times as much as you will have left. 
Now they both had $120 : how much had each ? 

Ans, Each had $60. 

12. A Father says to his son, " twenty years ago, my 
age was four times yours ; now, it is just double :" what wer 
their ages ? ^ i Father's 60 years 

i Son's 30 years. 

13. A Father divides his property between his two sons. 
At the end of the first year the elder had spent one quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spends $500 and the 
younger makes $2000, when it appears the younger has 
just double the elder : what had each from the father ? 

. J Elder $4000 
• * Younger $2000 
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14. If John give Charles 15 apples, they will have the 
same number; but if Charles give 15 to John, John will 
have 15 times as many wanting 10 as Charles will have 
left. How many had each ? A i ^^^ ^^' 

"** ( Charles 20. 

15. Two clerks, A and B, have salaries which are to 
gether equal to $900. A spends ^ per year of what he 
receives, and B adds as much to his as A spends. At the 
end of the year they have equal sums : what was the salary 

i A's=S 
( B's=400. 



of each? ^ ( A's=500. 



Elimination by Substitution. 

7 4. Let us again take the equations 

5«+7y=43, 
lljc+9y=:69. 

Find the value of « in the first equation, which gives 

4337y 
*-^5^- 

Substitute this value of j? in the second equation, and we 
have 

llX^5^+9y=69, 

or, 473-77y+45y=345, 

or, — 32y=— 128. 

Hence, y=4, 

- 43-28 ^ 

and, »= — - — =3. 
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This method is called the method hj substihUwn : we 
have for it the following 

RULE. 

Find the value of one of the unknoum quantities in either 
of the equations f and substitute this value for the scone unknown 
quantity in the other equation : there will thus arise a new 
equation with but one unknown quantity. 

Remark. — ^This method of elimination is used lo great 
advantage when the coefficient of either of the uiknown 
quantities is unity. 

EXAMPLES. 

1. Findf by the last method, the values of x and y in the 
equations 

3«— y=l and 3y— 2a;=r4 

Ans. x=:l, y=2- 

2. Find the values of x and y in the equations 

5y— 4ap=^22 and 3y+4«=38. 

Ans, 4r=8, y=2. 

3. Find the values of x and y in the equations 

«+8y=18 and y— 3:r=— 29. 

Ans, ar=10, y=l. 

4. Find the values of x and y in the equations 

2 
5«— y=:13 and 8jp+-5-y=29. 

Ans. ap=3j, y=4j 

QuiiT. — 74. Give the rule for elimination by subetitntion ^ IVhen ia 
it desirshle to use this method ^ 
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6. Find the values of x and y from the equations 

10«-^=69 and 10v-^=49. 

Ans, ap=7, y^^. 

6. Find the values of x and y from the equations 

«+4-«— ?-=10 and 4-+-^=2. 
2 6 8^10 

Ans. 4r=8, v=10. 

7. Find the values of x and y in the eqi«ations 

|~^+5=2, .+-^=l7i. 

Ans, 9=15, y=14. 
8 Find the values of x and y in the equations 

JL+^+3=6i, and X-JL=1. 
2^3^^* 4 7 2 

0. Find the values of x and y from the equations 

-3^— —+6=6 and — _ iL— o. 
8 4^ 12 16 

Ans, «=12, y=16. 
10. Find the values of x and y from the equations 

X_|_i = _9 .nd 8.-g=29 

iliw. ap=6, y=7. 

11. Two misers A and B sit down to count over their 

money. They both have $20000, and B has three times as 

much as A : how much has each ? 

c A . . $5000. 

^^* > B . . $16000 
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12. A person has two purses. If be puts $7 into the 
first purse, it is worth three times as much as the second : 
but if he puts $7 into the second it becomes worth five 
times as much as the first : what is the value of each purse ? 

Ans. 1st, $2 : 2nd, $3. 

13. Two numbers hare the following properties : if the 
first be multiplied by 6 the product will be equal to the 
second multiplied by 5 ; and one subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? Ans, 5 and 6. 

14. Find two numbers with the following properties : 
the first increased by 2 to be 3^ times greater than the 
second : and the second increased by 4 to be half the first : 
what are the numbers ? Ans, 24 and 8, 

15. A father says to his son, ** twelve years ago I waa 
twice as old as you are now : four times your age, at that 
time, plus twelve years, will express my age twelve years 
hence :" what were their ages • ^ J Father 72 yet ts. 

^' i Son 30 •* 



Elimination by Comparison. 

76. Take the same equations 

5«+7y=43, 
ll«+9y=69. 
Finding the value of x in the first equation, we have 
43— 7y 

and finding the value of x in the second, we obtain 

69 -9y 
11 
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Let these xwo ralues of « be placed equal to eacli other, 
and we have 

43 -7y 69 .9y 

6 "~ir~' 

Or. 
Or, 
Hence, 

And, 

This method of elimination is called the method by 
comparison, for which we have the following 

RULE. 

I. Find the value of the same unknown quantity in each 
equation. 

II. Place these values equal to each other; and a new 
equation will arise with but.one unknown quantity, 

BZAXPLES. 

1. Fmd, by the last rule, the values of x and y in the 
equations 

3«+^+6=42 and y—^U^. 

Ans, j;=ll, y=ld 

QuvsT.— 75. Give the rule for eliminfttion by compuriMm t What it 
thefintttep^ What the second t 

10 
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2. Find the values of x and y in the equations 

1. — —4-5=6 and -2-4-4=— 4-6. 

Ans, «=28, y=20. 

3. Find the values of x and y in the equations 

yx 22 
h— =1 and 3v--«=6. 

10 4 8 ^ 

Am. «=9, y=5. 

4. Find the values of x and y in the equations 

y-3=l«+5 and ^=y-3J. 

Ans, «=2y y=9. 
6. Find the values of x and y in the equations 

y=^+-l=y-2 and ^+X=x-13. 

All*. x=16, y=7. 

6. Find the values of x and y from the equations 

y±l+y^^^^% and «+y=16. 
2^2 3' ^ 

An*. «=10, y=i^ 

7. Find the values of x and y in the equations 



r=«-2|, 



«- 



2 



An*. «=1, y=3 
8. Find the values of x and y in the equations 
2y+3«=y+43, y-^=y-|-. 

An*. x=10, y=sl3. 
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9. Find the values of x and y in the equations 

4y— ^!zy=a?+18, and 27-y=a:+y+4. 

Ans, ar=s9, y=7 

10. Find the values of x and y in the equations 

^ Ans. arailO, y=20. 

76. Having explained the principal methods of elimina- 
tion, we shall add a few examples which may he solved by 
either ; and oAen indeed, it may be advantageous to use 
them all even in the same question. 

GENERAL EXAMPLES. 

1. Given 2x+3yssl6, and Sop— 2y=rll to find the 
values of x and y. Ans. «=5, y=2. 

2. Given ?fi+?l^l and ^+^^^, to find the 

5^4 20 4^5 120 

values of x and y. Ans, xz=—^ y^"^* 

2 3 

3. Given -^+7yaB99, and -^+7ar=51, to find the 
values of x and y. Ans. x=:7, y=:14. 

4. Given 

to find the values of x and y. Ans. xxz60, y=40. 
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QUESTIONS. 



1. What fraction is that, to the numerator of which, if 1 

be added, its value will be — , but if one be added to ha 

o 

denominator, its yalue will be -r- ? 

4 

Let the fraction be represented by — . 

Then, hj the question 

x+l 1 . « 1 

=-:r- and — 



y "3 y+1 4 

Whence 3x+3=:y and 4x=y+U 

Therefore, hj subtracting, 

«— 3=1 or «=4. 
Hence, 12+3=y; 

therefore, y=15. 

2. A market-woman bought a certain number of eggs ai 
2 for a penny, and as many others, at 3 for a penny ; and 
having sold them again altogether, at the rate of 5 for 2d^ 
found that she had lost Ad : how many eggs had she ? 



Let 


2x= 


the whole number of eggs. 


Then 


a= 


the number of eggs of each sort. 


Then wiU 


1 


the cost of the first sort. 


and 


1 


the cost of the second sort 


But 5 :2a; 


•: 2 : 


--- the amount for which the e 
o 


wore sold. 
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Hence, by the question 



Therefore, 15«+ lOx— 24«=120 

or ar=120; 

the number of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
which he drew a certain interest ; but he owed the sum of 
20,000 dollars, for which he paid a certain interest. The 
interest that he received exceeded that which he paid by 
800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates ; 
but he owed 24,000 dollars, for which he paid interest at 
the first of the above rates. The interest that he received 
exceeded that which he paid by 310 dollars. Required the 
two rates of interest. 

Let X and y denote the two rates of interest ; that is, the 
interest of $100 for the given time. 

To obtain the interest of $30,000 at the first rate, denoted 
by X, we form the proportion 

^r.^r.^ 30,000* „^^ 

100 :« : : 30,000 : : — or 300flp. 

And for the interest $20,000, the rate being y, 

100 : y : : 20,000 : : ^^f^^^ or 200y. 

But from the enunciation, the difference between these 
Iwo interests is equal to 800 dollars. 

We have, then, for the first equation of the problem 

300x-200y=800 
10* 
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By writing algebraically the second condition of the pro- 
blem, we obtain the other equation, 

350y— 240a?=310. 

Both members of the first equation being diirisible by 100, 
and those of the second by 10, we may put the following, 
in place of them : 

3ap— 2y=8, 35y— 24a?=31. 

To eliminate x, multiply the first equation by 8, and then 
add it to the second ; there results 

19y=95, whence y=5. 

Substituting for y, in the first equation, its value, this 
equation becomes 

3«— 10=8, whence a:=:6. 
Therefore, the first rate is 6 per cent, and the second 5. 

Verification. 
$30,000, placed at 6 per cent, gives 300 x 6=$1800. 
$20,000, „ 5 „ „ 200x5 =$1000. 

And we have 1800—1000=800. 

The second condition can be verified in the same manner. 

4. What two numbers are those, whose difierence is 7, 
and sum 33 ? Ans. 13 and 20. 

5. To divide the niunber 75 into two such parts, that 
three times the greater may exceed seven times the less 
by 15. Ans, 54 and 21. 

6. In a mixture of wine and cider, ^ of the whole plus 
25 gallons was wine, and ^ part minus 5 gallons was cider : 
how many gallons were there of each ? 

Ans, 85 of wine, and 35 of cider 
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7. A bill of jC120 was paid in guineas and moidores, and 
the number of pieces of both sorts that were used was just 
100. If the guinea be estimated at 2U, and the moidore 
at 27Sf how many were there of each ? Ans. 50 of each. 

8. Two trayellers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
goes 8 miles a day, and the other 7 : in what time will they 
meet? Ans, In 10 days. 

9. At a certain election, 375 persons voted for two can- 
didates, and the candidate chosen had a majority of 91 : 
how many yoted for each ? 

Ans. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50, 
Now, if the saddle be put on the back of the first horse, it 
will make his yalue double that of the second ; but if it be 
put on the back of the second, it will make his value triple 
that of the first. What is the value of each horse ? 

Ans, One jC30, and the other ir40. 

11. The hour and minute hands of a clock are exactly 
together at 12 o'clock : when are they next together ? 

Ans, Ihr, 5^fjmin, 

12. A man and his wife usually drank out a cask of beer 
in 12 da3rs ; but when the man was from home, it lasted 
the woman 30 days : how many days would the man alone 
be in drinking it ? Ans, 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, 
how much fresh water must be added to these 32 pounds, 
in order that the quantity of salt contained in 32 pounds of 
the new mixture shall be reduced to 2 ounces, or ^ of a 
pound? Ans, 224lb, 

14. A person who possessed 100,000 dollars, placed the 
greater part of it out at 5 per cent interest, and the otliur 
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at 4 per cent. The interest which he receiyed for tr.u whol« 
amounted to 4640 dollars. Required the two parts. 

Ans, 64,000 and 36,00a 

15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the votes 
of the unsuccessful candidate been also given to him, he 
woidd have received three times as many as his competitor 
wanting three thousand fivehundred : how many votes did 
each receive? . J Ist, 6500 

<2d, 5000. 

16. A gentlemen bought a gold and a silver watch, and 
a chain worth $25. When he put the chain on the gold 
watch, it was worth three and a half times more than the 
silver watch ; but when he put the chain on the silver watch, 
it was worth one half the gold watch and 15 dollars over : 
what was the value of each watch ? 

Ans $ ^^^^ ^**^^ ^^' 
< Silver „ $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 
1 1 , and if 1 3 be added to the first digit the sum will be three 
times the second : what is the number ? Ans. 56. 

18. From a company of ladies and gentlemen 15 ladies 
retire ; there are then lefl two gentlemen to each lady. 
After which, 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first? A i 50 gentlemen. 

C 40 ladies. 

19. A person wishes to dispose of his horse by lottery 
If he sells the tickets at $2 each, he will lose $30 on his 
horse ; but if he sells them at $3 each, he will receive $30 
more than his horse cost him. What is the value of the 
horse and number of tickets? . ( Horse . . . $150. 

< No. of tickets 60. 
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20. A person purchases a lot of wheat at $] , and a lot of 
rye at 75 cents per bushel, the whole costing him $117,50. 
He then sells \ of his wheat and ^ of his rye at the same 
rate, and realizes $27,50. How much did he buy of each ? 

^ i 80^. of wheat 
^, ' \ &Olni. of rye. 

A*' 

Equations involving three or more unknown quantities, 

77. Let us now consider the case of three equations 
mvoWlng three unknown quantities. 
Take the equations 

5«-6y+4jr=15, 
7ar+4y— 3jr=19, 
2X+ y+6;v=46. 

To eliminate z by means of the first two equations, mul- 
tiply the first by 3 and the second by 4 ; then, since the 
coefficients of z have contrary signs, add the two results 
•ogether. This gives a new equation : 

43a:-2y=121. 

Multipl3dng the second equation by 2, a factor of the co- 
efficient of « in the third equation, and adding them together, 
we have 

16x+9y=84. 

The question is then reduced to finding the values of x 
and y, which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and 
the results be added together, we find 

419a?=1257, whence ar=3 
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We might, by means of the two equations involTuig u 
and y, determine y in the same way we have determined x ; 
but the value of y may be determined more simply, by ob- 
serving that the last of these two equations becomes, by 
substituting for x its value found above, 

94 43 

48+9y=84, whence ^=-7-3 — =4. 

In the same manner the first of the three proposed equa- 
tions becomes, by substituting the values of x and y, 

24 
15— 24+4;?= 15, whence jr=— -=6. 

4 

Hence, to solve equations containing three or more un- 
known .quantities, we have the following 

RULE. 

I. To eliminate one of the unknoum quantities ^ combine any 
one of the equations with each of the others; there will thus be 
obtained a series of new equations containing one less unknown 
quantity, 

II. Eliminate another unknown quantity by combining one 
of these new equations with the others, 

III. Continue this series of operations untU a single equa' 
turn containing but one unknown quantity is obtained, from 
which the value of this unknown quantity is easily found. 
Then, by going back through the series of equations which have 
been obtained, the values of the other unknown quantities may 
be successively determined, 

QuK8T.< — 77. Give the general rule for solying equations inyotring 
three or more unknown quantities ? What ia the fust step 1 What the 
necond 1 What the third ^ 
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78. Remark. — It oilen happens that each of the pro- 
posed equations does not contam all the unknown quantities. 
In tliis case, with a little address, the elimination is very 
quickly performed. 

Take the four equations involving four unknown quantities: 

(1.) 2x^3y+2z=]3. (3.) 4y+2« = 14. 

(2.) 4u-2ar=30. (4.) 5y+3fi=32. 

By inspecting these equations, we see that the elimina- 
tion of g in the two equations, (1) and (3), will give an 
equation involving x and y ; and if we eliminate u in 
the equations (2) and (4), we shall ohtain a second equation, 
involving x and y. These two last unknown quantities 
may therefore be easily determined. In the first place, the 
elimination of z in (1) and (3) gives 

7y— 2x=l ; 

That of u in (2) and (4), gives 

20y+6«=38. 

Multiplying the first of these equations by 3, and adding, 

41y=41 ; 

Whence y= 1. 

Substituting this value in 7y~2a;=:l, we find 

x=3. 

Substituting for x its value in equation (2), it becomes 

4ti— 6=30: 

Whence tf=9. 

And substituting for y its value in equation (3), there 

results «=:5. 



lU 
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1. Given ^ 



EXAMPLES. 

x+ y+ *=29 
x+ 2y+ 3z=62 



» to find », y and s 



ilfw. «=8, y=9, #=13 

2x+ 4y— 3;v=22' 

2. Given 'i 4ap— 2y+ 5»=18 i- to find «, y and z. 

. 6«+ 7y- »=63. 

Ans. «=3, y=7, «=4. 

x+yy+— ;2r=32 

3 Given -i -r-a?+— y+— #=15 

— x4 vH #=12 

4 T^^ 6 



>> to find «, y and #. 



Afw. ar=12, y=20, #=30 

4. Divide the number 90 into four such parts that the 
first increased by 2, the second diminished by 2, the thir4 
multiplied by 2, and the fourth divided by 2, shall be equa^ 
to each other. 

This question may be easOy solved by introducing a neii 
unknown quantity. 

Let X, y, #, and u, be the required parts, and dedg 
nate by tn the several equal quantities which arise from 
the conditions. We shall then have 



»-H2=m, y— 2=»i, 2#=m, — =m. 
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From which we find 

x=zm—'2, y=m+2, *=-^» tt«c2m. 
And by adding the equations, 

x+y+»+u=zm+m+—+2fn=z4^m. 

And since, by the conditions of the question, the first 
member is equal to 90, we have 

4jm=90, or fm=:90; 
hence m=20. 

Having the value of m, we easily find the other values : 
riz. 

a?=18, y=22, z=z\0, tf=40. 

5. There are three ingots composed of different metals 
mixed together. A pound of the first contains 7 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of cop- 
per, and 1 of pewter, A pound of the third contains 4 
ovnces of silver, 7 ounces of copper, and 5 of pewter. It 
is required to find how much it will take of each of the 
three ingots to form a fourth, which shall contain in a 
pound, 8 ounces of silver, 3f of copper, and 4^ of pewter. 

Let x^ y, and z represent the number of ounces which it 

« necessary to take from the three ingots respectively, in 

order to form a pound of the required ingot. Since there 

are 7 ounces of silver in a pound, or 16 ounces, of the 

first ingot, it follows that one ounce of it contains ^ of ati 

ounce of silver, and consequently in a number of ouncf n 

It 
denoted by or, there is r-^ ounces of silver. In the sami; 

11 
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manner we would find that —^ and — , express the nma 

ber of ounces of silver taken from the second and third, tu 
form the fourth ; but from the enunciation, one pound of this 
fourth ingot contains 8 ounces of silver. We have, then, 
for the first equation, 

7a: 12y 4r_ 

or, making the denominators disappear, 
7ar+12y+4;r=128. 
As respects the copper, we should find 
3ap+3y+7;rr=60, 
and with reference to the pewter 

6af+y+5jr=68. 

As the coefficients of y in these three equations, are 
the most simple, it is most convenient to eliminate this un- 
known quantity first. 

Multipl3ring the second equation by 4, and subtracting 
the first, we have 

5x+24;»=112. 

Multiplying the third equation by 3, and subtracting the 
hecond from the product, 

-*15ar+8^=144. 

Multiplying this last equation by 3, and subtracting the 
preceding one from the product, we obtain 

40ar=320, 

whence y=8. 
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Substitute this value for « in the equation 

15x+8*=144; 

it becomes 120-1-8^=144, 

whence s=3. 

Lastly, the two values x=iS, s=i3, being substituted m 
the equation 

6x+y+5z=6S, 

give 48+y+ 15=68, 

whence y=5. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 5 ounces of the second, 
and 3 of the third. 

Verification. 

If there be 7 ounces of silver in 16 ounces of the first 
ingot, in 8 ounces of it, there should be a number of ounces 
of silver expressed by 

7x8 







16 ' 




In like manner. 










12x5 

16 


and 


4x3 
16 



will express the quantity of silver contained in 5 ounces ol 
Ihe second ingot, and 3 ounces of the third. 
Now, we have 

7X8 12x5 4X3_ 128 _o 
16 ■*" 16 "*" 16 ~ 16 "" ' 

therefore, a pound of the fourth ingot contains 6 ounces of 
silver, as required by the enunciation. The same condi* 
tions may be verified relative to the copper and pewter 
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6 A'9 age is double B's, and B*s is triple of C*8, and the 
sum of all their ages is 140. What is the age of each ? 

Ans, A's=84, B'8=42, and C's=14. 

7. A person bought a chaise, horse, and harness, for 
jC60 ; the horse came to twice the price of the harness, 
and the chaise to twice the price of the horse and harness 
What did he give for each ? 

^ X13 6j. 8(/. for the horse. 
Ans. < X 6 13^. Ad, for the harness 
V £\0 for the chaise. 

8. To divide the number 36 into three such parts that 
\ of the first, \ of the second, and } of the third, may be 
all equal to each other. Ans, 8, 12, and 16. 

9. If A and B together can do a piece of work in 8 days, 
A and C together in 9 days, and B and C in ten days ; how 
many days woidd it take each to perform the same work 
alone ? Ans. A Hf^, B 17}f, C 23/^. 

10. Three persons. A, B, and C, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of B's money, which, added to his own, 
makes double the amount B had at first. In the second 
game, A loses and B wins just as much as C had at the 
beginning, when A leaves off with exactly what he had at 
first. How much had each at the beginning ? 

Ans, A $300, B $200, C $100. 

11. Three persons. A, B, and C, together possess $3640. 
If B gives A $400 of his money, then A will have $320 
more than B ; but if B takes $140 of C's money, then B 
and C will have equal sums. How much has each ? 

Ans, A $800, B $1280, C $1560. 

12. Three persons have a bill to pay, which neither 
alone is able to discharge. A says to B, "Give me the 
4th of your money, and then I can pay the bill." B says 
to C, " Give me the 8th of yours, and I can pay it. Bui 
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C says to A, '' You must give me the half of yours before 
I can pay it, as 1 have but $8.** What was the amount of 
their bill, and how much money had A and B ? 

. I Amount of the bill, $13. 
'*^" ( A had $10, and B $12. 
13. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capi- 
tal 1 per cent, more advantageously, had an income greater 
by 800 dollars. A third person, who possessed 15000 dol- 
lars more than the first, putting out his capital 2 per cent. 
more advantageously, had an income greater by 1500 dollars. 
Required the capitals of the three persons, and the rates of 
interest. 

^^ i Sums at interest, $30000, 40000, 4500U. 

' ) Rates of interest, 4 5 6 pr. ct. 

14.' A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together. What was her share, 
and what the share of each child ? 

r The widow's share, $8000. 

Ans. < Each son's, 2000. 

^ Each daughter's, 1000. 

15. A certain sum of money is to be divided between 

three persons, A, B, and C. A is to receive $3000 less 

than half of it, B $1000 less than one third part, and C to 

receive $800 more than the fourth part of the whole. What 

is the sum to be divided, and what does each receive ? 

r Sum, $38400. 



Ans, < 



A receives 16200. 
B „ 11800. 

C „ 10400. 
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CHAPTER IV. 

Of Powers. 

79m 11 a quantity be multiplied several times by itself 
the product is called the potoer of the quantity. Thus, 

3= a is the root, or first power of a. 

aXa=a^ is the square, or second power of a. 

aX«Xo=o' is the cube, or third power of a. 

aXaXoXa=a* is the fourth power of a. 

aXaXaXaXa=a* is the fifth power of a. 

In every power there are three things to be considered : 

1st. The quantity which is multiplied by U«el^ and which 
is called the root or the first power. 

2nd. The small figure which is placed at the right, and 
a little above the letter. The figure is called the exponent 
of the power, and shows how many times the letter enters 
as a factor. 

Srd. The power itself, which is the final product, or re- 
sult of the multiplications. 



Quest. — 79* If a quantity be continually multiplied by itselC what 
is tbe product called? Hov many things are to be considered in every 
power f What are they f 
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For example, if we suppose a =3, we hpre 

a= 3 the root, or 1st power of 3. 

a2=3*=3 X 3= 9 the second power of 3. 

0^=33=3 X3x3= 27 the third power of 3. 

a*=3*=3 x3 X3x3= 81 the fourth power of 3. 

a'=3»=3x3x3x 3x3=243 the fifth power of 3. 

In these expressions, 3 is the root, 1, 2, 3, 4 and 5 are 
the exponents, and 3, 9, 27, 81 and 243 are the powers. 

To raise monomials to any power. 

80. Let it be required to raise the monomial 2a^b^ to 
the fourth power. We have 

(2a3fc»)*=2a363 X 2a^V^ X 2a^b^ X 2<^b^, 

which merely expresses that the fourth power is equal to 
the product which arises from writing the quantity four 
thnes as a factor. By the rules for multiplication, this pro 
duct becomes 

(2a3^)*=2*a3+3-»-3+3^-»-«+2+2_.2*aiW; 

from which we see, 

1st. That the coefficient 2 must be raised to the 4th 
power; and, 

2nd. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning would apply to every example, 
we have, for the raising of monomials to any power, tho 
following 
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RULE 

I. Raise the caefficierU to the required potoer, 

II . Multiply the exponent of each letter by the exponent nf 
the power, 

EXAMPLES. 

1. What is the square of 3ay ? Ans. 9d*y» 

2. What is the cube of 6a«y*x T Ans. 216«*yx» 
3- What is the fourth power of 2c^y^lfi ? 

Ans. 16«'y2A»' 

4. What is tlie square of a'i-y ? Ans. ii*i»V. 

5. What is the seventh power of a^hcd^ 7 

Ans. a^^b^c^d^K 

6. What is the sixth power of a^l^i^dX Ans. a«A»«c"rf*. 

7. What is the square and cube of — 2a^6^ ? 

Square. Cube. 

-2a2^ ~2a«*« 

-2cW ~2g»&« 

-2a2^ 
-8aW. 



By observing the way in which the powers are formed, 
we may conclude, 

I St. When the root is positive, all the powers wdl be positive. 
2nd. When the root is negative, all the even powers wiU be 
positive and all the odd powers negative. 

Qtjbst. — 80. What is a monomial ! Give the rule for raising a 
monomial to anj power. When the root is positive, how will tlie power? 
be t When the root is negative, how will the powers be 1 
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8. What is the square of — 2<r*** ? Ans. 4tf«i^». 

9. What is the cube of —btr^y^c ? Ans, — 125a"yV. 

10. What is the eighth power of —a^xy^ ? 

Ans. +a**ac«yi« 

11. What is the seventh power of —a^yx'' ? 

Ans, — a**v'«". 

12. What is the sixth power of 2dtfiy^ ? 

Ans. 64a«&36y30. 

13. What is the ninth power of —edx^y^ ? 

Ans. — c'cPx^^y^. 

14. What is the sixth power of Sab^d ? 

Ans. 729a«i"jb, 

15. What is the square of — lOa'fcV ? Ans. 100a*&*c«. 

16. What is the cube of -9a«^c/3/2 ? 

Ans. -729a>«&i«c^y«. 

17. What is the fourth |)ower of — 4tf'*Z»V(/* ? 

Ans. 256ci»)A>2ci«rf»>. 

18. What is the cube of ''4aHVd ? 

Ans. -64a«iV<P 

19. What is the fifth power of 2<^b^xy T 

Ans. 32a»*&»V/. 

20. What is the square of 20x*y^c^ ? Ans. AOOafiy^c^^. 

21. What is the fourth power of ZaH^c^ ? 

Ans. 81a«ir«c» 

22. What is the fifth power of —c^tPx^^ ? 

Ans. -ciO(/i«x»«y»« 

23. What is the sixth power of —ac^dfl 

Ans. afic^^d^ 

24. What is the fourth power of ^2a^c^d^ ? 

Ans. l6aM«fi2. 
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To raise Polynomials to any power, 

H 1 . The power of a pol3momial, like that of a mono* 
mial, is obtained by multipl3ring the quantity continually by 
itself. Thus, to find the fiiVh power of the binomial aH & 
we have 

a + b Ist power. 

«»+ ab 
+ ab+h^ 



a*+2a& +&* 2nd power. 

a+ h 

+ a%+ 2ab^ + 6» 



a»+3a«A+ ZalP' + i^ ... 3rd power. 
g + 3 

+ a3^+ 3c«&»+3o^^ + ^ 
a*+4a3&+ 6a262+ 4a^ + ^ 4th power 

g + & 

g»+4g*i+ 6g3i«+ 4g2^3+ gi* 

-f- g*^+ 4g36a+ 6g'^3^4g&*+&^ 

Remark. — 82. It will be observed that the number of 
multiplications is always 1 less than the imits in the expo 

- \ 

QviBT. — 81. How 18 the power of a polynomial obtained ? 
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aoat of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it is 
3, twice ; if 4, three times, &c. The powers of polyno- 
mials may be expressed by means of the exponent. Thus, 
to express that a+b ia to ha raised to the 5th power, we wnte 

(«+»)•, 

which expresses the fifth power of a+&. 

2. Find the 5th power of the binomial a~6. 

0—6 Ist power. 

a- 6 



a*— ab 

^ ab +h» 
a^—2ab +6* . . . . 2nd power, 

fl- b 






«*— 3a»6+ 3ab^ — ^ . . 3rd power, 

a- 6 



- i^b+ 3fl«&g~ 3a53 + 6* 
a^^Aa%+ Ga^i*— 4aA^ + iA 4th power 

a - 6 

^^^c^b+ 6fl3&2_ 4a2^4. ab^ 

~ a^b+ 4o3y— 6a»y+4g&^~y 
^5a*6+ 10a36a_i0aai3+5a6*-.6» j4m. 



QuBrr. — 88. How does the number of muUiplications compare with 
the exponent of the power 1 If the exponent is 4, how maaT multipli 
'ratiqnti 
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3. What 18 the square of 5a— 2c+<<. 

5a — 2c + d 

5a — 2c + d 
25a'»-10ac+ bad 
' — 10ac+ 4ca— 2crf 

+ 5ad'-2cd+ d^ 

25a2— 20flcH- 10ai/+4ca ^4ed^d^ Ans. 

4. Find the 4th power of the binomia] 3<i— 26. 

3a — 26 Ist power. 

3a - 2b 

9aa— 6ab 

^ 6ab+4b^ 

9a2— I2ab+4lf^ 2nd power. 

3a — 2b 



27a3— 36a26+12a6« 

— lSa^+24ab^^ Sb^ 

27a«— 64a«6+36a6a— 8*3 . . 3rd power. 

3a - 2b 

81a*— 162a36+ l08aH^^24ah^ 

— 54a36+108a^y— 72o63+166* 
eia*—2l6a^+2l6a^b^—96al^+l6b^ Ans. 

5. What is the square of the binomial a+1 ? 

Ans. a^+2a+l. 

6. What is the square of the binomial a— 1 ? 

Ans. a«— 2a41. 

7. What is the cube of 9a— 36 ? 

Ans. 729a3— 729a26+243a6«— 276*. 

8. What is the third power of a— 1? 

Ans. a3-3a»4-3a-l. 
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9. What is the 4th power of x— y ? 

Ans. «*—4a?3y+6ap2ya— 4*^34. y«. 

10. What is the cube of the trinomial ap+y+' ? 

11. What is the cube of the trinomial 2a^^4ab+3h^l 
Ans. 8ii«— 48a**+ 132a^^2— 208a3^+ 198fl2i4_ i08iiA» 

To raise a Fraction to any Power. 

83. The power of a fraction is obtained by multiplying 
the fraction by itself ; that is, by multiplying die numerator 
by the numerator, and the denominator by the denominator 

Thus, the cube of -r-, which is written 
o 



(a y__ a a a ^tfi 



is found by cubing the numerator and denominator sepa^ 
rately. 

2. What is the square of the fraction 7-; — T 

^ b+e 

We have 

\b+e ) " (b+ey "" l^+2be+e^ **' 

3. What is the cube of -^ ? Ans. -ttzttt 

3be 27b^c^ 



QuBtT.— S3 How do yoa find the power of a firaetion^ 
13 
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4. What is the fourth power of ! 



2ay 

Ans. 



I6a^y» 



5. What is the cube of — -^ ! 

Ans, 



g3— 3a;gy+3gy»~y3 
a:34-3jc'*y4-3jcy2-fy3 

2<up jt* 

6 What is the fourth power of — — ? Ans. 



4ay ' ' 16y** 

7. What 18 the fifth power of ye — ^ -^*** 



18y* 32v««» 



8. What is the square of -= ^ T 

6y— « 



An^. 



9. What is the cube of — ri: — ? 
ar+2y 



fl2jp2_2ajy+y* 
bY^2bxy+a!^ 



8a»— 36g»^+54fl6»~27y 
^'**' «3+6a2y+12xy«+8y3 * 

Binomial Theorem. 

84. The method which has been explained of raising a 
polynomial to any power, is somewhat tedious, and hence 
other methods, less difficult, have been anxiously sought 
for. The most simple which has yet been discovered, is 
the one invented by Sir Isaac Newton, called the Binomial 
Theorem. 



QuKST. — 84. What is the object of the Binomial Theorem t Who 
discoyered this theorem ! 
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85. In raising a quantity to any power, it is plain that 
there are four things to be considered : — 

1st. The number of terms of the power. 
2nd. The signs of the terms. 
3rd. The exponents of the letters. 
4th. The coefficients of the terms. 

Of the Terms. 

86. If we take the two examples of Article 8 1 , which 
we there wrought out in full ; we have 

(a-f ft)»=a*+5a*5 + 10a3^+10a2^+5aM+i» ; 

(a-6)*=fl»-5<i*ft+10a3*»-10fl2^+5a^-^. 

By examining the several multiplications, in Art. 8 1 , we 
shall observe that the second power of a binomial contains 
three terms, the third power four, the fourth power five, the 
fifth power six, &c ; and hence we may conclude — That 
the number of terms in any power of a hinomialf is one greater 
than the exponent of the power. 

Of the Signs of the Terms. 

87. It is evident that when both terms of the given bi- 
nomial are plus, all the terms of the power wHl be plus. 

2nd. If the second term of the binomial is negative, then 
all the odd terms j counted from the lefty will be positive^ and 
all the even terms negative. 



QvBST. — 85. In raising a quantity to any power, how many thinga 
are to be considered? What are theyl — 86. How many terms are 
there in any power of a binomial ? If the exponent is 3, how many 
terms t If it is 4, how many terms t If 6? 6ic. — 87. If both terms 
of the binomial are positive, how are the tenns of the power 1 If the 
second term is negative, how are the signs of the terms 1 
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Of the Exponents. 

88. The letter wliich occupies the first place in a bino- 
mial, is called the leading letter. Thus, a is the U^ding 
letter in the binomials a+b, a-^b. 

Ist. It is evident that the exponent of the leading lettei 
in the first term will be the same as the exponent of the 
power ; and that this exponent will diminish by unity in 
each term to the right, until we reach the last term, which 
does not contain the leading letter. 

2nd. The exponent of the second letter is 1 in the second 
term, and increases by unity in each term to the right 
until we reach the last term, in which the exponent is the 
same as that of the given power. 

3rd. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
the binomial theorem. 

Let us now apply these principles in the two following 
examples, in which the coefilicients are omitted : — 

{a+bY . . . a^+c^b+a'lf^+a^^+a^b*+ab^-{'b\ 

As the pupil should be practised in writing the terms, 
with their proper signs, without tbe coefficients, we will add 
a few more examples. 



QuBST. — 88. Which is the leading letter of the binomial ? What i« 
the exponent of this letter in the first term ! How does it change in the 
terms towards the right ? Wliat is the exponent of the second letter in 
the second lenn ? How does, it change in the terms towards the right 1 
What is it in the last term ^ \^liat is tbe sum of the exponents in any 
term equal to^ 
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1. {a+hy . . f^+a^b+ab^-^ IP. 

3. {a+by . . fl»+a**+a3^-ha*A3+aA*+A*. 



Of the Coefficients. 

89. The coefficient of the first term is unity. The co- 
efficient of the second term is the same as the exponent of 
the given power. The coefficient of the third term is fomid 
by multiplying the coefficient of the second term by the 
exponent of the leading letter, and dividing the product by 
2. And finally — If the coefficient of any term be multiplied 
by tlie exponent of the leading letter^ and the product divided 
by the number which marks the place of that term from the 
ieftf the quotient will be the coefficient of the next term. 

Thus, to find the coefficients in the example 

{a^by . . . a'-«i«5+a»62-a**^ * i^b^-^a^b^+db*-V 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient 21 is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 5, and divide 
the product by 3 : this gives 35. To find the coefficient of 
the fifth term, we multiply 35 by 4, and divide the product 
by 4 : this gives 35. The coefficient of the sixth term, 
lound in the same way, is 21 ; that of the seventh, 7 ; and 
that of the eighth, 1. Collecting these coefficients, we 
have 

<i'— 7a«i+21fl»62— 35a*^-f-35fl36*— 21a«i*-h7a6«— i^ 
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Remark. — ^We see, in examining this last result, tliat the 
coefficients of the extreme terms are each unity, and that 
the coefficients of terms equally distant from the extreme 
terms are equal. It will, therefore, he sufficient to find the 
coefficients of the first half of the terms, from which the 
others may be immediately written. 

examples. 

1. Find the fourth power o( a+b, 

2. Find the fourth power of a^-b. 

Ans. a*— 4a36+6aJP— 4ai3+^« 

3. Find the fifth power of a+*. 

Ans. a«+5a*^4-10fl^A2-f 10a»^+5ai*+*». 

4. Find the fifth power of a—b. 

Ans. a»-5a*6+10a3&»-10a«^+5a6*— *•• 

5. Find the sixth power of a+b. 

Ans. (i«+6a»*+ 15a*62+20<i363+ ISa^b^+Sab^+lfi. 

6. Find the sixth power of a—b. 

Ans. a«-6a«5+15fl*^*— 20a3*»+15a«^*-6a^+*« 

7. Let it be required to raise the binomial 30^6—2^ to 
the fourth power. 

It frequently occurs that the terms of the binomial are 
affected with coefficients and exponents, as in the aboTe 



Quest. — 89. What is the coefficient of the first term 1 What is the 
coefficient of the second 1 How do you find the coefficient of the third 
termi How do you find the coefficient of any termt What are the 
coefficients of the first and last terms 1 How are the coefficients o/ 
terms equally distant from the extremes ? 
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example. In the first place, we represent eacli term of the 
binomial by a single letter. Thus, we place 

3a*c=:«, and — 2M=:v» 
we then have 

(a:+y)*=a?*+4apay+6«2y»+4ay«+y*. 
But, ar»=9a*c», x^=z27cfic^, ap*=81a*«*; 

and y«=462<ia, y»= — 8h^tP, y*z= I6b*d^. 

Substituting for x and y their ralues, we have 

+4(3a«c) (-.2*J)'+(-2^J)*. 
and by performing the operations indicated, 
(3d'c-2W)*=81a«c*~216a«c3W -h 2l6a^c^l^d*^96a^cif^d* 
+ 16**rf*. 

8. What is the square of 3a— 66 ? 

Ans. 9fl3— 36aA4-36R 

9. Wh^t is the cube of 3dEr~6y ? 

Ans. 27*3— 162a:2y^324a:ya— 216y3. 

10. What is the square of x—y ? 

Ans, ap*— 2ay+y*. 

11. What is the eighth power of m+» ? 

Ans. iii«+8m^»+28m«ii?t-56«*ii3+70m*»*+56«»ii». 

+28m^«+8mii'+»®. 

12. What is the fourth power of a— 3b ? 

Ans. a*— 12a»ft+54a«*»— I08a6»+815*. 

13. What is the fifth power of c~2i ? 

Ans. c»-10c*rf4-40c3^— 80c2d3+80crf»— 32(/* 

14. What is the cube of 5a— 3i ? 

An*. 125a3-.225a2J-+-135a^-27r/' 
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Remark. Tlie powers of any polynomial may easily be 
found by the Binomial Theorem. 

15. For example, raise a-i-b+c u* the third power 
First, put ... . h+e=rd 

Then, (a-fA+c)3=(a+i/)3=a3+3a«rf+3aJ2-f</*. 
Or, by substituting for the value of J, 

3a^c+3b'^C'\-6abe 

-f 3ac^+3bc^ 

+ c3. 

This expression is composed of the cubes of the three 
terms^ plus three times the square of each term by the first 
powers of the two others^ plus six times the product of ait 
three terms. It is easily proved that this law is true fur any 
polynomial. 

To apply the preceding formula to the development of 
the cube of a trinomial, in which the terms are affected 
with coefficients and exponents, designcUe each term by a 
single letter^ then replace the letters introduc^d^ by their values^ 
Of id perform the operations indicated. 

From this rule, we find that 

(2a«-4a*+362)3=8a»— 48a*^+132a*^— 208a»53 
+ 198a»M-108fl&*+27ft«. 

rhe fourth, fifth, &c, powers of any polynomial can Do 
found in a similar manner. 

16. What is the cube of a^2b+c ? 

Ans, a3-863+c3— 6a«&+3aac-M2a^»-hl2A'^c+3flc» 
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CHAPTER y. 

Kxiraction of the Square Root of Numbers. FonnO' 
tion of the Square and Extraction of the Square 
Root of Algebraic Quantities, Calculus of Radicals 
of the Second Degree. 

90. The square or second power of a number, is the 
product which arises from multiplying that number by itself 
once : for example, 49 is the square of 7, and 144 is the 
square of 12. 

9 1 . The square root of a number is that number which, 
being multiplied by itself once, will produce the given num- 
ber. Thus, 7 is the square root of 49, and 12 the square 
root of 144: for, 7x7=49, and 12x12 = 144. 

92. The square of a number, either entire or fractional, 
is easily found, being always obtained by multiplying this 
number by itself once. The extraction of the square root 
of a number is, however, attended v^ith some difficulty, and 
requires particular explanation. 



QuKBT. — 00. What is the square, or second power of a number 1- 
91. What is ths 8i|uare root of a nuni1>er t 
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The first ten nuinben are. 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10; 

and their squares, 

1, 4, 9, 16. 25, 36, 49, 64, 81, 100; 

and reciprocally, the numbers of the first line are the square 
roots of the corresponding numbers of the second. We 
may also remark that, the square of a number expressed by a 
single figure, will contain no figure of a higher denomination 
than tens. 

The numbers of the last line, 1, 4, 9, 16, &c, and all 
other numbers which can be produced by the multiplication 
of a number by itself, are called perfect squares. 

It is obvious that there are but nine perfect squares among 
all the numbers which can be expressed by one or two 
figures : the square roots of all other numbers expressed 
by one or two figures, will be found between two whole 
numbers differing from each other by unity. Thus 55, 
which is comprised between 49 and 64, has for its square 
root a number between 7 and 8. Also 91, which is com- 
prised between 81 and 100, has for its square root a number 
between 9 and 10. 

93. Every number may be regarded as made up of a 
certain number of 'tens and a certain number of units. 
Thus 64 is made up of 6 tens and 4 units, and may be ex- 
pressed under the form 60+4. 



Quest. — 92. What will be the highest denomination of the sqmra 
of a number expressed by a single figure 1 What are perfect sqaaree 1 
How roanv art^ tliere between 1 and 100 ? What are ihev ' 
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Now, if we represent the tens by a and the units by K 
we shall have 

a+b =64, 
and (a+&)2=(64)»; 

OT a*+2ab+b^=z4096. 

Which proves that the square of a number composed of 
tens and units, contains the square of the tens plus twice the 
product of the tens by the units, plus the square of the units, 

94. If, now, we make the units 1, 2, 3, 4, &c, tens, or 
units of the second order, by annexing to each figure a ci- 
pher, we shall have 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 

and for their squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

From which we see that the square of one ton is 100, the 
square of two tens 400 ; and generally, that the square of 
tens wUl contain no figures of a less denomination than Avn- 
dredsy nor of a higher name than thousands. 

Ex. 1. — ^To extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain 6084 

more than one. But since it is less than 10000, 
which is the square of 100, the root will contain but two 
figures : that is, units and tens. 

Now, the square of the tens must be found in the two 



Qu E«T. — 93. How may every number be regarded as made up t Wbat 

is the square of s number composed of tens and units equal tot— 

94. What is the square of one ten equal to 1 Of 8 tena T Of 3 
lens* &€. 



1184 
1184 
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lefl-hand figures, which we will separate from the other two 
hy putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, are 
called periods. The part 60 is comprised between the two 
squaies 49 and 64, of which the roots are 7 and 8 : hence. 
7 is the figure of the tens sought ; and the required rood i 
composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 60 84 1 78 

number, from which we separate 49 I 

it by a vertical line: then we 7x2 = 148 
subtract its square, 49, from 60, 
which leaves a remainder of 1 1 , 
to which we bring down the two 

next figures 84. The result of this operation, 1184, con- 
tains twice the product of the tens by the units , plus the square 
of the units. 

But since tens multiplied by units cannot give a product of 
a less name than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units: 
this double product is therefore found in the part 118, which 
we separate from the units* place, 4. 

Now if we double the tens, which gives 14, and then di- 
vide 118 by 14, the quotient 8 is the figure of the unitSy or 
a figure greater than the units. This quotient figure can 
never be too small, since the part 118 will be at least equal 
to twice the product of the tens by the units : but it may be 
too large; for the 118, besides the double product of the 
tens by the units, may likewise contain tens arising from 
the square of the units. To ascertain if the quotient 8 ex- 
presses the units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. Thus, 
we evidently form, 1st, the square of the units; and, 
2nd, the double product of the tens by the imits. Thin 
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multiplication being effected, giyes for a product 1184, a 
number equal to the result of the first operation. Having 
subtracted the product, we find the remainder equal to : 
bence 78 is the root required. 

Indeed, in the operations, we have merely subtracted 
from the given number 6084, 1st, the square of 7 tens, or 
70 ; 2nd, twice the product of 70 by 8 ; and, 3d, the square 
of 8 : that is, the three parts which enter into the composi- 
tion of the square 70+8, or 78 ; and since the residt of 
the subtraction is 0, it follows that 78 is the square root of 
6084. 

95. Remark. — The operations in the last example have 
been performed on but two periods, but it is plain that the 
same reasoning is equally applicable to larger numbers, for 
by changing the order of the units, we do not change the 
relation in which they stand to each other. 

Ilius, in the number 60 84 95, the two periods 60 84 
have the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example 
are equally applicable to larger numbers. 

96. Hence, for the extraction of the square root of 
nmnbers, we have the following 

RULE. 

I. Separate the given number into periods of two figures 
tackf beginning at the right hand : — the period on the left will 
often contain but one figure. 

n. Find the greatest square in the first period on the left^ 
and place its root on the right, after the manner of a quotient 



QoBST. — ^95. Win the reaMming in the example apply to more than 
two periods ? 

19 
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in division. Subtract the square of the root from the first 
penodf and to the remainder bring down the second period for 
a dividend, 

III. Double the root already foundj and place it on the left 
for a divisor. Seek how many times the divisor is cantetined 
in the dividend, exclusive of the right-hand figure, and plact 
the figure in the root and also at the right of the divisor. 

IV. Multiply the divisor, thus augmented, by the last figure 
of the root, and subtract the product from the dividend, and to 
the remainder bring down the next period for a new dividend 
But if any of the products should be greater than the dividend, 
diminish the last figure of the root. 

Y. Double the whole root already found, for a new divisor^ 
and continue the operation as before, until all the periods are 
brought down, 

97. Ist Remark. If, ailer all the periods axe broaght 
down, there is no remainder, the proposed number is a per^ 
feet square. But if there is a remainder, you have only 
found the root of the greatest perfect square contained in 
the given number, or the entire part of the root sought. 

For example, if it were required to extract the square 
root of 665, we should find 25 for the entire part of the 
root, and a remainder of 40, which shows that 665 is not 
a perfect square. But is the square of 25 the greatest per- 
fect square contained in 665 ? that is, is 25 the entire part 
of the root ? To prove this, we will first show that, the 
difference between the squares of two consecutive numbers, is 
equal to twice the less number augmented by umty. 



QuKST. — 96. Give the rule for extracting the square root of numben 
What is the first step 1 What the second t What the third 1 What 
the fourth 1 What the fifth t 
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LfOt . a= the less number, 

and . . a+ 1 == the greater. 

Then . (a+1 )»=«»+ 2fl+l, 

and . . (a)*=a*. 

Their difference is = 2a + 1 as enunciated. 

Hence, the entire part of the root cannot be augmented, 
unless the remainder exceeds twice the root found, plus 
unity. 

But 25x2+l=51>40 the remainder: therefore, 25 is 
the entire part of the root 

98. 2nd Remark. — ^The number of figures in the root 
will always be equal to the number of periods into which 
the given number is separated. 

EXAMPLES. 

1. To find the square root of 7225. Ans. 85. 

2. To find the square root of 17689. Ans. 133. 

3. To find the square root of 994009. Ans. 997. 

4. To find the square root of 85673536. Ans. 9256. 

5. To find the square root of 67798756. Ans. 8234. 

6. To find the square root of 978121. Ans. 989. 

7. To find the square root of 956484. Ans. 978. 

8. What is the square root of 3^372961 ? Ans. 6031. 

9. What is the square root of 22071204 ? Ans. 4698. 

10. What is the square root of 106929 ? Ans. 327. 

11. What is the square root of 12088868379025 ? 

Ans. 3476905. 



QvvtT.— 98. How toMixf figures wfll you always find in the root? 



140 
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99. 3rd Remark. — If the given number liaa not aa exact 
root, there will be a remainder after all the periods are 
brought down, in which caae ciphers may be annexed, 
forming new periods, each of which wiU give one decimal 
place in the root. 

1. What is the square root of 36729 ! 

3 67291191,64+ 

1 



In this example there are 
two periods of decimals, 
which give two places of 
decimals in the root. 



2 91267 
1261 



38 11629 

381 



382 624800 
22956 



3832 4 



184400 
153296 

31104 Rem. 



2. What is the square root of 2268741 ? 



Ans. 1506,23+* 



3. What is the square root of 7596796 ? 



4. What is the square root of 96 ? 



5. What is the square root of 153 T 

6. What is the square root of 101 ! 



Ans. 2756,22+. 



Ans. 9,79795+- 



Ans. 12,36931+. 



Ans. 10.04987+. 



QirvfT. — M» How will you find the decimal put of tbe root T 
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7. WhaX is the square root of 285970396644 ! 

Am. 534762. 

8. What is the square root of 41605800625 ? 

Ans, 203975. 

9. What is the square root of 48303584206084 ? 

Ans. 6950078. 

Extraction of the square root of Fractions. 

lOO. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that the square root of a fraction will be 
equal to the square root of the numerator divided by the 
square root of the denominator. 

For example, the square root of --- is equal to •?- : for 
a a c^ 



1. What is the square root of — 

4 

9 

2. What is the square root of — 

64 

3. What is the square root of — 



4. What is the square root of 

5. What is the square root of 



256 



36 

16 
64 



Ans.—. 

Ans. —-. 
4 

- 8 
Ans. -rr-. 
9 



Ans. 
Ans. 



16 
19' 

1 



Quxn*. — 100. If the numentor and denominator of a inctioD are 
perfect aqnares. bow will roa extract the aqnare root ^ 
13* 
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6. What is the square root of ? Atu. -^rpr 

« «ri_ . ,. r 582169 , ^ 763 

7. What 18 the square root of ^^^,^, ? Ans. -—- 

* 956484 978 

lOl. If neither the numerator nor the denominator is a 
perfect square, the root of the fraction cannot be exactly 
found. We can, however, easily find the approximate root 
For this purpose. 

Multiply both terms of the fractum by the denarnmaUfr^ 
which makes the denominator a perfect square without altering 
the value of the fraction. Then^ extract the square root of 
the numerator, and divide this root by the root of the denomi" 
tor ; this quotient will be the approsdmate root. 

3 

Thus, if it be required to extract the square root of ---, 

5 

15 
we multiply both terms by 5, which gives — . 

«o 

We then have 

'/T5 = 3,8729+ : 
hence, 3,8729+ -f- 6 = ,7745+ = Ans. 

7 

2. What is the square root of -— ? Ans. 1,32287+. 

4 

14 

3. What is the square root of -^ ? Ans. 1,24721 + 



4. What is the square root of 11— ? 



Ans. 3,41869+ 



Quxrr.— 101. If the nnmentor and denominator of a firaction are not 
perfect squarrs, how do you extract the square root \ 
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13 

5. What is the square root of 7-^ ? Ans, 2,71313+- 

6. What is the square root of 8-3 ? Ans. 2,88203 + . 

7. What is the square root of — ? Ans. 0,64549+. 

12 

3 

8. What is the square root of 10— ? 

Ans. 3,20936+. 

102. Finally, faistead of the last method, we may, if we 
please, 

Change the vulgar fraction into a decimal, and continue the 
division until the number of dectmal places ts double the number 
of places required in the root. Then, extract the root of the 
decimal by the last nde. 

Ex. 1. Extract the square root of --- to within ,001. 

14 

This number, reduced to decimals, is 0.785714 to within 

0,000001 ; but the root of 0,785714 to the nearest unit, is 

,886 ; hence 0,886 is the root of — to within ,001. 
_ * 

2. Find the x/^jR ^ within 0,0001. 

Ans. 1,6931 + 

3. What is the square root of -- ? Ans. 0,24253+ . 

7 

4. What is the square root of — ! Ans. 0,93541+. 

o 

5 
6. What is the square root of — ? Ans. 1,29099+. 

o 



QossT.^102. By what •th«r method nuy tlw root be feuudl 
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Extraction of the Square Root of Monomials. 

103. In order to dincorer the process for extracting the 
square root, we must see how the square of the monomiaL 
is formed. 

By the rule for the multiplication of monomials (Art. 35), 
we have 

(ba%^cfz=:ba^h^e X 5a2&»c=26a*i«c» ; 

that is, in order to square a monomial, it is necessary to 
square its eoejficienty and double each of the exponeiUs of the 
different letters. Hence, to find the root of the square of a 
monomial, we have the following 

RULE. 

1. Extract the square root of the eoejficieni, 
II. Divide the exponent of each letter by 2. 

Thus, V645«5«=8a3*a for Ba^h^xSa^b^= 644^1^. 

2. Find the square root of 625a*^c«. Ans. 25a^c». 

3. Find the square root of 576a*5V. Atis. 24a»^c*. 

4. Find the square root of 196a:*y***. Ans. 14af^yA 

5. Find the square root of 441aWc'®(P*. 

Ans, 21a*A3c««?. 

6. Find the square root of 784a"ft^*c"d». 

Ans. 28tf<&Vif. 

7. Find the square root of 81a"6*c*. 

Ans, 9tf*6»c». 



QDKflT.^103. How do you eztnct tho iquare root of a moBoniial 1 
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i04. From the preceding rule it follows, that when a 
monomial is a perfect square, its numerical coefficient is a 
petfect square^ and all its exponents even numbers. Thus, 
25a^&3 is a perfect square, but 98a&^ is not a perfect square, 
because 98 is not a perfect square, and a is ail'ected with 
an uneven exponent. 

In the latter case, the quantity is introduced into the cal- 
culus by affecting it with the sign v^ t ^^^d it is written 

thus: 

V98a6*. 

Quantities of this kind are called radical quantities, or trra- 
tional quantities, or simply radicals of the second degree. 
They are also, sometimes called Surds. 

These expressions may often be simplified, upon the prin- 
ciple that, the square root of the product of two or more factors 
is equal to the product of the square roots of these factors ; or, 
in algebraic language, 

'^abcd • . . ss-v/a . V^ • V^ • 'V ^ • • • 

This being the case, the above expression, \/98aS^» can 
be put under the form 

V49^X2a= -v/455^X V^ST 

Now V49S*" may be reduced to 7^ ; hence, 

V^985S^ = 7^2^20: 

In like manner, 

Vi5?P33= V9aWcax5M=3fl*c ^/U^, 

V884?5^= Vl44a*i*cWx6Jc=12aJ»c*VBK 
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The quantity which stands withont the radical sign is 
called the coefficient of the radical. Thus, in the expressions 

the quantities lb\ 3abe, I2ai^c^y are called coefficients of 
the radicals. 

Hence, to simplify a radical expression of the second 
degree, we have the following 

RITI.S. 

I. Separate the expression into two parts^ of which one shall 
contain all the factors that are perfect squares^ and the other 
the remaining ones. 

II. Tahe the roots of the perfect squares and place them 
before the radical sign, under which leave those factors whidk 
are not perfect squares. 

105. Remark. — To determine if a given number has 
any factor which is a perfect square, we examine and see 
if it is divisible by either of the perfect squares 

4, 9, 16, 25, 36, 49, 64, 81, (fee; 

and if it is not, we conclude that it does not contain a fac* 
tor which is a perfect square. 



QuxsT. — 104. When is a monomiil a perfect iquuel When it n 
not a perfect aquarci how is it introduced into the odcuhis 1 What are 
quantities of this kind called 1 May they he simplified 1 Upon what 
principle 1 What is a coefficient of a radical ! Give the role for zedncing 
radicals. — 105. How do you determine whether a given number has a 
factor fdiicfa is a perfect square t 
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SXAMPLK8. 

1. Reduce ^75a^bc to its simplest form. 

Ans. 5a^3abe, 

2. Reduce V128^fl»«P to its simplest fonn. 

Ans. Bh^(^d^)/2F. 

3. Reduce V32aWc to its simplest form. 

Ans. 4a«MVSae. 

4. Reduce V256a'6*c" to its simplest form. 

Ans. IGab^t^. 

5. Reduce V1024a«6V to its simplest form. 

Aim. 32a«^c3V2Se- 

6. Reduce V729a^**c»rf to its simplest form. 

Aitf. 27a3^c3v'5!?. 

7. Reduce VSTBTTc^ to its simplest form. 

iliw. 15a3i»c-v/333. 
^. Reduce i/l445??!F to its simplest form. 

Ans, l7at*d^^^Sa. 
9. Reduce yiOOSa'cTm" to its simplest form. 

Aiw. 12a*rf'iw*'/7fl7. 
10. Reduce V2156a^"6V to its simplest form. 

Aiw. 14a»^c3V^- 
il. Reduce -/iSSTPT" to its simplest form. 

Aim. 9a3&3rf*-/5o 
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106. Since like signs in both the factors gire a j^ns 
sign in the product, the square of ^a, as well as thai of 
-fa, will be a* ; hence the root of a* is either -|-a or —a 
Also, the square root of 25a*ft* is either +5aA* or — 5a^. 
Whence we may conclude, that if a monomial is positiire 
its square root may be affected either with the sign + or 
— ; thus, V9a*=±3a2 . for^ ^3^2 or — 3a», squared, 
gives 9a*. The double sign di with which the root is 
affected is read plus or minus. 

If the proposed monomial were negative^ it would be im- 
possible to extract its root, since it has just been shown that 
the square of every quantity, whether positive or negative, 
is essentially positive. Therefore, 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary quantities^ or 
rather imaginary expressions, and are frequently met with 
in the resolution of equations of the second degree. These 
symbols can, however, by extending the rules, be simplified 
in the same manner as those irrational expressions which 
mdicate operations that cannot be performed. Thus, V — 9 
may be reduced by (Art. 104). Thus, 

-/39= y/Wx V^rr=:3 -/=T, 

and V— 4a2= \/4? X -v/^=T=2a -/^^H": also, 

V— 8a2*=: V4a» X — 26=2a V^:^=2a y/Wx y/—T^ 



Quest. — 106. What sign is placed before .the square root of a mono- 
mial 1 Why may you place the sign plus or minus 1 What is an ima- 
ginary quantity ? Why is it called imaginary 1 
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Of the Calculus of Radicals of the Second Degree 

107. A radical quantity is the indicated root of an 
imperfect power. 

The extraction of the square root gives rise to such ex- 
pressions as V«r 3 V^ 7 VST which are called trra- 
iwnal quantities, or radicals of the second degree. We will 
now establish rules for performing the four fundamental 
operations on these expressions. 

108. Two radicals of the second degree are similar ^ 
when the quantities under the radical sign are the same in 
both. Thus, d-v/^snd Scv/^&^o siixular radicab ; and 
■o also are 9 y^ and 7 y^ 



Addition. 

109. Radicals of the second degree may be added 
together by the following 

RULE. 

I. If the radicals are similar add their coefficients^ and to 
the sum annex the common radical. 

II. If the radicals are not similar^ connect them together 
vith their proper signs. 

Thus, 3a -v/5+ 5c ^5"= (3a+ 5c) y^ 



Qdxst. — 107. What is a radical quantitj 1 What are such quandtiM 
called!— l-OS. When are radicals of the second degree similar 1— 
109. How do yon add similar nuUcals of the second degree ^ How do 
fon add radicals which are not similar! 

14 
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In like mannar. 

7 v^5+ 3 V2«'=(7+3) V2r= 10 V2«r 

Two radicals, which do not appear to be BimOar at first 
sight, may become so by simplification (Art 104). 
For example, 

-v/iSaR-ft ^/^biz=:ib ^30+ 5* V3a"=96 V5«; 

and 2V45+3-v/5=6-v/5+3-v/5=9V^. 

When the radicals are not simflar, the addition or sub- 
traction can only be indicated. Thus, in order to add 
3 -v^^ to 5 VoT we write 

EXAMPLES. 



1. 


What is 


the 


sum of 


V275r"and 


V4Sa»t 




What is 


the 


sum of 


V50a«6s an< 


Ans. 7a V3. 


2. 


1 V72<i«*»? 












Ans. UM^/i: 


8. 


What is the 


sum of 


v/r - 


v/f,' 




What IS 


the 


sum of 


• 

Vl25 and 


Ans. 4«V-J5- 


4. 


V500a» T 



iliw. (5+10fl)V5r 
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5 What is the sum of \/'Tr=- *nd \/-oqT" ? 

6. What is the sum of V98a»ar and V36«*— 36a» ^ 

7 What is the sum of VSSTfsT and \/SS37?*T 

Ans. (7a+12a»aa)V2iI 

8 Required the sum of ^72* and VI 28. 

Ans, 14 -/S • 

9. Required the sum of -y^ and 'y/lAl, 

Ans. 10 Vn 

10. Required the sum of \/-«- and xf—rr^' 

11. Required the sum of 2^37 ui^ 3 V646«*. 

All*. (2a+24«2)-/T: 

12. Required the sum of V^S4? and lOV^SsT 

Aim. 119-/3. 

13. What is the sum of V320a»^» and V245a"A« T 

Aiw. (8«5+7fl*^)V5'. 
14 What is the sum of ^/fSi?S' and V300ii»^ ? 

All* {5(^h^+l0d^b^)V^. 
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Subtraction. 



no. To subtract one radical expression from another, 
we have the following 

RULE. 

L If the radicals are similar^ subtract their eoefidents^ 
and to the difference annex the common radicaL 

II. If the radicals are not simiiarj their difference can onl^ 
be indiciUed by the minus sign. 

EXAMPLES. 

1. What is the difference between da\/7 and a -^7 t 

Here 3a-v/T— a'/3=2a -/TT Ans. 

2. From 9aV575^ subtract Sa^/^STFT 

First, 9aV57!'^=27a*VX and 6a-/2755=18a*-/Tf 
and 27aftVT-18a&'/l=9a*V^ Ans, 

3. What is the difference of -/tS and •\/^ t 

Ans. V^- 

4. What is the difference of V24?P' and -/SiFl 

. Ans. (2a5-3^)/F' 



QgxsT. — 110. How do you subtract sinnlar ndictla 1 How do too 
■ubtrtct radicals which are not similar 1 
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5. Required the difference of \/'-r- And \/^» 

4 

Ans, TrVr5 
40 

6. What is the difference of -/I^S??^ and V32a» T 

. Ans. (8a*-4a*)V23: 

7. What is the difference of ^ASaW and VSST? 

Ans. ^ghy/ZaS^•6^/lS>. 

8. What is the difference of -/242a»6* and V2«^** T 

9. What is the difference of \/-j- and \/ — ? 

10. What is the difference of '/320a» and V^^i? T 

Ajw. 4a -v/^ 

11. What is the difference between 

V720?55 and -v/2455J?y? 

Atw. (12aft-7c</)V5^. 

12. What is the difference between 

V968a*J» and V200a'»^» ? 

Aiu. 12^6 V^ 

13. What IB the difference between 

Vll2a»i* and V285S5» ? 

Ans. 2«*^v^ 
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Multiplication. 



111. For the multiplication of radicals, we have the 
following 

RULE. 

I. Multiply the quantities under the radiad signs together^ 
and place the eomnum radical over the product. 

II. If the radicals have coefficients^ toe multiply them to^ 
gether, and place the product before the common radical. 

Thus, '^^Xy/Tz^^^; 

This is the principle of Art. 104, taken in the inyerse 
order. 



BXAMPLEB. 

1. What is the product of S^^SaS and 4v^9al 

Ans. 120a -/FT 

2. What is the product of 2a^^Fc and 3a V^* 

Ans* 6a^he 

3. What is the product of 2a Va*+6» and —3a Va*+^ ! 

Ans. -6a«(a«+*»). 



QuBtT. — 111. How do yoa multiply quentities which are under ladi- 
cal tignf t When the ndicals have coefficients, now 4o joa omltipl^ 
thcml 
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4. What is the product of SV^and 2^87 

Ans. 24. 

5. What b the product of |VI^ ^^ fkvl^? 

Ans. ^^gahc^TE. 

6. What is the pnnluct of 2ap+ ^ and 2ap— V^ ? 

Ans. 4«s— 6. 

7. What is the product of 

Va+2v'* and Va— 2i/4? 

Aiw. Va2-4ft. 

8. What is the product of 3a-/27? by -/Sa ? 

DivisUm. 

112. To divide one radical by another, we have the 
following 

RULE. 

I. Divide one of the qtumiities under the radical sign by the 
other ^ and place the common radical over the quotient, 

II. If the radicals have eoefficienfs, divide the coefficient of 
the dividend by the eoeffieient of the divisor^ and place the 
quotient before the common radical. 



QvisT. — lis. How do you divide qoantttiM whieh uo under the 
ndical lign 1 When the ndicals have coefiSeienta, how do yon divide 
themi 
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Thus, 2l2-^\/^ ; for the squares of those two 

expressions are equal to the same quantity -?- ; hence 
the expressions themselves must be equaL 

EXAMPLKS. 

1. Divide 5a yT by 2b ^. Ans. ^\/ — ^• 

2. Divide 12iicV^ ^7 ^V^- -A^ns. 3a '^Se. 

3. Divide GaVoBF by 3^/W. Ans. 4ab^. 

4. Divide 4a«V555^ by 2<i«V55: Ans. 2d»v^- 
6. Divide 26a»ftV8la5P by ISa-v/SST 

Ans. ei^b-^ah. 

6. Divide 8A^b*^)/Tfae by 42a&\/3a: 

Ans. 6aVV«. 

7. Divide ViP by y^. iliw. j«. 

8. Divide ea«&»-/20fl* by 12'/5a. ^w. o^A*- 

9. Divide 6av^T0P" by 3-/5r ^iw. 2a^'/2. 

10. Divide 4Sb*^/l5 by 2d»-v/S^ ^'w- 360ft», 

11. Divide Ba^b*c^^)/W by 2av^53r 

Ans. 2ab*e^d. 

12. Divide 96a*c»V5SJ»' by 48abe^/2F. 

Ans. Ua^bc^. 
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13. Divide 27a»6«V5TS^ by V^ 

Ans. 27a«^V3. 

14. Divide 18a«6«VS? by 6a6>/?r 

To Extract the Sqvuire Root of a Polynomial. 

113. Before explaining the rule for the extraction of 
the square root of a polynomial, let us first examine the 
squares of several polynomials : we have 

(a+*+c+«0*=sa»+2fl5+*»+2{a+5)c+e» 
f2(a+4+c)J+(P. 

The hw by which these squares are formed can be enun- 
ciated thus : 

The square of any polynomial contains the square of the 
first term J plus twice the product of the first term by the second^ 
plus the square of the second ; plus twice the first two terms 
multiplied by the third, plus the square of the third ; plus twice 
the first three terms multiplied by the fourthy plus the square 
of the fourth ; and so on. 



QvBtT. — 113. Whtt b th« squan of i bbomial eqad tot Whtt 
« the tqaars of a trinomiml equal tot What is the square of anj 
fpolynomial equal to t 
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114. Hence, to extract the square root of a polynomial 
we have the following 

RUUS. 

I. Arrange the polynomial with reference to one ofiut Utters 
and extract the square root of the first term : this will give the 
first term of the root. 

II. Divide the second term of the polynomial by double the 
first term of the ^^t, and the quotient will be the second term 
of the root, 

III. Then form the square of the two terms of the rooi 
found, and subtract it fiitm the first polynomial, and then 

divide the first term of the remainder by double the first term 
of the root, and the quotient will be the third term, 

IV. Form the double products of the first and second terms^ 
by the third, plus the squ^e of the third ; then subtract all 
these products from the last remainder, and divide the first 
term of the result by double the first term of the root, and the 
quotient will be the fourth term. Then proceed in the same 
manner to find the other tc^ms, 

EXAMPLK8. 

1 Extract the square it>ot of the polynomial 

First arrange it with reference to the letter a, 

25a*— 30a3*+49a»6>-24a63-l-16ft* I 5a«— 30^+4^ 

25<i*— 30a»&+ 9g»6» | 10a» 

40a»^2. 24a^+ 16M 1st Remu 

4 0a»y-';4o6»+16&* 

. . . 3d Rem. 
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After haying arranged the polynomial with reference to a, 
extract the square root of 25a^, this gives 5a\ which is 
placed at the right of the polynomial ; then divide the 
second term, — 30a^&, by the double of 5a', or 10a' ; the 
quotient is —Sab, and is placed at the right of 5a?. Hence, 
the first two terms of the root are 5a'— 3a&. Squaring this 
binomial, it becomes 25a^— 30a^&+9a'&', which, subtracted 
from the proposed polynomial, gives a remainder, of which 
the first term is 40a'^. Dividing this first term by 10a', 
(the double of 5a'), the quotient, is +46'; this is the third 
term of the root, and is written on the right of the first two 
terms. By forming the double product of 5a'— 3a6 by 46', 
and at the same time squaring 4^, we find the polynomial 
40a'^— 24a^+16M, which, subtracted from the first re- 
mainder, gives 0. Therefore 5a'— 3a6+4^ is the required 
root. 

2. Find the square root of a*+4a'ap+6a'«'-f4a«5+jc*. 

Afis. a'+2aap+ap'. 

3. Find the square root of a*— 4a'x+6a'«'— 4aap'+x*. 

Ans, a'— 2ax+a*. 

4. Find the square root of 

4*«+ 12«*+5a?*-2«5+7«'-2«+ L 

Ans. 2*3+3*'— op+l. 

5. Find the square root of 

9a*-12a36+28a'A'-16a*»+16**. 

Ans. 3a'— 2a64 46' 



QuBST. — 114. Give the rule for eztrecting the square root of a poly 
oomiall What is the first step 1 What the second 1 What the third f 
What the foarth? 



160 BLBMBNTABT ALOBBRA. 

G. What is the square root of 

a?*— 4aa?3+4aV— 4«»+8aaf+4. 

Ans. «*— 2a«— 3. 

7. What is the square root of 

9«»— 12«+6«y+y*— 4y+4. 

Am, 3x+y — 2. 

8. What is the square root of y*— 2yV+2«a— 2y*+ j 
+**• Ans. ya-x»-l. 

9. What is the square root of 9a^b^'-30<Pb^+25cfilf^ ? 

Ans. 3aW— 5a* 

10. Find the square root of 
25fl**»-40a3ft2c+76fl2^c»— 48a*V+36^c*— 30a*Ac 

+24a36ca--36a»*c»+9a*ca. 

Ans. 5a«5— 3a*c— 4fl*c +66c». 

115. We will conclude this subject with the following 
remarks. 

1st. A binomial can never be a perfect square, since we 
know that the square of the most simple pol3momial, viz : 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst Uiemselves. Thus, the 
expression 0^+^ is not a perfect square ; it wants the term 
dz2ab in order that it shoidd be the square o( adib. 

2nd. In order that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle Itrm must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square ; Extract the 
roots of the ttoo extreme terms, and give these roots the same 
or contrary signs, according of the middle terrn is positive or 
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negative. To verify ii, see if the double produet of the two 
roots gives the middle t^nn of the trinomial. Thus, 

9a'— 48<i**'+64a*ft* is a perfect square, 

since V5«'=3a^ »nd V64a3^=— 8aA», 

and also 2 X 30^ x — 8a^= — 48a«^= the middle term. 

But 4a' +1'^^+ 9^ is not a perfect square : for although 
4a* and 4-96' are the squares of 2a and 3&, yet 2 x 2a x 3d 
is not equal to 14ad. 

3rd. In the series of operations required in a general ex- 
ample, when the first term of one of the remainders i$ not 
exactly divisible by twice the first term of the root, we may 
conclude that the proposed pol3momial is not a perfect 
square. This is an evident consequence of the course of 
reasoning, by which we have arrived at the general rule for 
extracting the square root. 

4th. When the pol3n[iomial is not a perfect square, it may 
be simplified (See Art. 104.) 

Take, for example, the expression ^a^ + Aa^b^-^Aab^, 

The quantity under the radical is not a perfect square ; 
but it can be put under the form ab{a^+4ab+4b^). Now, 
the factor between the parenthesis is evidently the square 
of a+25, whence we may conclude that, 

^/^F+ia^S^^+Aa^z={a+2b)^. 
2. Reduce'/2a»6 — 4a^+ 2^3 to its simple form. 

Atts, (a— i)-v/2jr 



QvBST.-^115. Can a binomial ever be a pertect power? Why not? 
^^n is a trinomtal a perfect square 1 When, in extracting the square 
foot we find that the firoitennofthe remainder is not divisible by twice the 
foot, is the polynomial a perfect power or not 1 

16 



CHAPTER VL 
Equations of the Second Degree. 

116» An Equation of the second degree is c^e in wluch 
the greatest exponent of the unknown quantity is equal to % 

If the equation contains two unknown quantities, it is of 
the second degree when the greatest sum of the exponents 
with which the unknown quantity is affected, in any tenn, is 
equal to 2. Thus, 

2*=a, iKi^+6ar=c and apy+«=cP, 

are equations of the second degree. 

117* Equations of the second degree are divided into two 



1st. Equations which involye cmly the square of the un- 
known quantity and known terms. These are called, Incam^ 
plete Equationa. 

2d. Equations which involye the first and second powen 
of the unknown quantity, and known terms. These aie 
called, Complete Equations. 

QcncBT.— 1 10. What is an equation of the second degree 7—1 17. Into 
how many claaaes are equations of the second degree divided? What 
is an incomplete equation ? What is a complete equation 7 
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Thus, ai*+2a* -6=7 

and 6x»— 3a:*— 4=a 

aie incomplete equations : and 

8a«— 5ar— 8** +a=6 

are complete equations. 

Of Incomplete Equations. 
118* If we take an incomplete equation of the fonn 

we have, by collecting the coefficients of s", 
8*«=40, or a«=6. 
Againy— if we hare the equation 

we shall have, 

(«+*)«"=/-* and :t-=^=n^ 

by substituting m for the known terms winch compose the 
second member. Hence, 

Every incomplete equation can be reduced to an equation 
inoolving two terms^ of the form 

and from this circumstance the incomplete equations aie often 
called equations involving two terms. 

From which we have, by extracting the square root of both 
members, «=-/Sr 

QvEvrd— 118, To what fonn may erery ircoroplete eqoatioa be 
reduced 7 What are incomplete eqnatione often called 7 
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1. What number is that which being multiplied by itself 
the product will be 144. 

Letx= the number: then 

It 18 plain that the value of x will be found by extracting 
the square root of both members of the equation: that is 

-/JHry'Tii: that ist ar=12. 

2. A person being asked how much money he had* said 
if the number of dollais be squared and 6 be added* the sum 
will be 42: How much had he ! 

Let x= the nimiber of dollars. 
Then by the conditions 

a;«+6=42: 

hence, a:«=42-6=3(J 

and x=6. 

^ns. $6 

8. A grocer being asked how much sugar he had sold to a 
person, answered, if the square of the number of pounds be 
multiplied by 7, the product will be 1576. How many pounds 
had he sold 7 

Denote the number of pounds by x. 
'Ilien by the conditions of the question 
7x«=1576: 
hence, aE:*=225 

and xsslb, 

jSn$. 1^ 
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4. A person being asked bis age said, if from the square 
of my age you fake 192, the remainder will be the square 
of half my age : what was his age ^ 

Denote his age by x. 

Then, by the conditions of the question 



^-192=(i-.).=^. 



and by cleakring the fractions 

4*3-768=xa; 
hence, 4x*— ac»=768, 

and 3x3=768 

«3=:256 

X = 16. 



Ans. 16. 



6. What number is that whose eighth part multiplied by 
its fifth part and the product divided by 4, shall give a quotient 
equal to 40 ? 

Let 07= the number. 

By the conditions of the question 



(i*^l*)^*=^* 



hence, ^=40 



by clearing firactions. 



160 

a:*=6400 
«= 80. 

Jha. 80. 
15« 
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119. Hence, lo find the value erf* r we have tbe fol- 
lowing 

RULE. 

L Und the value of x' ; and then extract the square root 
of both membere of the equation. 

4. What is the value of « in the equation 
3r»+8=5«»— 10. 

By transposition So^^ — 5x^ = — 1 — 8, 
by reducing —23fl= — 18, 

by dividing by 2 and changing the signs 

by extracting the square root x=:3. 

We should, however, remark that the square root of 9, 
is either +3, or —3. For, 

+3x+3=9 and — 3x-t3=9. 

Hence, when we have the equation 

we have ap=+3 and «= — 3. 

1 20. A root of an equation is any expression which being 
substituted for the unknown quantity, will satisfy the equa- 
tion, that is, render the two members equal to each other. 
Thus, in the equation 

a»=9 

there are two roots, +3 and —3; for either of these 
numbers being substituted for x will satisfy the equation. 
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7. Againt if we take the equation 

we shall have 

ar=+.y/m7aiid x^^^^JW 

For, (+ >/^) *=*» 5 

and (— y^mO ■=wi ; 

Hence we may conclude, 

1st. That every incomplete equation of the eecond degree 
has two roote. 

2d. 7!!^ theee roots are numerically equals but have eon' 
trary signs. 

8. What are the roots of the equation 

8a:«+6=4j:«-10. 

Ans. a?=:+4 and xs— 4. 

0. What are the roots of the equation 

I^-8=|VlO. 

Ans. x=+9 and a?i=— 9. 

10. What are the roots of the equation 

Ans. a?=4-4 and «=--4 

QnisT. — 1 19. How do yoa resolve an incomplete equation 7 120. What 
IS the root of an equation ? What are the roots of the equation :fi=z^t 
Of the equation x'z^m? How many roots has every incomplete equa* 
tion^ How do those roots compare with each other? 



] 68 BLBHBNTART ALGEBRA. 

8. What are the rooto of the equation 

Ans. «=+2, «— — 2 

9. What are the roots of the equation. 

5 

Ans, «=+5i «=-"5 

10. Find a number such that one-third of it multiplied 
by one-fourth shall be equal to 108 ? 

Ans. 36. 

11. What number is that whose sixth part multiplied by 
its fifth part and product divided by ten, shall give a quo- 
tient equal to 3 ? 

Ans. 30. 

12. What number is that whose square, plus 18, shall be 
equal to half its square plus 30}. 

Ans, 5. 

13. What numbers are those which are to each other as 
1 to 2 and the difference of whose squares is equal to 75. 

Let arr= the less number. 

Then 2x=z the greater. 

Then by the conditions of the question 

hence, 3ac*=75 ; 

and by dividing by 3, »'=25 and or =5, 

and 2dp=ia 

Ans. 5 and 10. 
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14 What two numbers are those which are to each other 
as 5 to 6, and the cliflerence of whose squares is 44. 

Let «= the greatest number. 

5 

Then -^ar= the least. 
6 

By the conditions of the question 

25 

^ 36 

hf clearing fractions, 

3623— 25xS= 1584; 



11«2=1584, 
and «>=144, 



hence, x =12, 

5 



and -rx =10. 



Ans. 10 and 12. 



15. What two numbers are those which are to each 
other as 3 to 4, and the difference of whose squares is 28 t 

Ans, 6 and 8. 

16. What two numbers are those which are to each other 
as 5 to 11, and the sum of whose sqUare is 584 ? 

Ans. 10 and 22. 

17. A Ba3rs to B, my son's age is one quarter of yours, 
and the difference between the squares of the numbers re- 
presenting their ages is 240 : what were their ages ? 

. C Eldest 16. 
Ans. < __ 

f Younger 4 . 
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When there are two unknown quantities, 

121. When tbere are two or more nnknown quantitien, 
eliminate one of them hy the rule of Article 7 7 : there vnU 
thus arise a new equation with hut a single unknown quantity, 
the value of which may be found by the rule already given, 

1. There is a room of such dimensions, that the difier- 
rence of the sides multiplied by the less is equal to 36, and 
the product of the sides is equal to 360 : what are the 
sides ? 

Let «= the less side ; 
y= the greater. 

Then, by the 1st condition, 

(y-«)«=36 ; 

and by the 2nd, «y=360. 

From the first equation, we have 

dcy— 0^=36 ; 

and by subtraction, a^=324. 

Hence, a?=-/ 324=18; 



360 ^^ 

y=-^=20. 



Ans. x=zl8fy=20. 



QussT.^-121. How do you resolTe the equation when there ere two 
or more unknown quBntitiesI 
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2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so 
many dollars per yard as the piece contained yards. Now, 
he gets four times as much for one piece as for the other 
how many yards in each piece ^ 

Let x=z the number in the larger piece ; 
y= the number in the shorter piece. 

Then, by the conditions of the question, 

«+y=12. 

»X*=x^= what he got for the larger piece ; 

yXy=y^= what he got for the shorter. 

And «'=4y', by the 2nd condition. 

X =2y, by extracting the square root 

Substituting this value of « in the first equation, we have 

y+2y=12; 

and consequently, y= 4, 

and «= 8. 

Ans. 8 and 4. 

3. What two numbers are those whose product is 30, and 
quotient 3^ ? Ans. 10 and 3. 

4. The product of two numbers is a, and their quotient 
« : what are the numbers t 



Ans. '\/a5"and\/-^ 



a 

5. The sum of the squares of two numbers is 117, an 
Uie difierence of their squares 45 : what are the numbers ? 

Ans. 9 and 6. 
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6. The sum of the squares of two numbers is a, and the 
difference of their squares is b : what are the numbers t 

Ans. .=^jm y=^- 

7. What two numbers are those which are to each other 
as 3 to 4, and the sum of whose squares is 225 ? 

Ans. 9 and 12. 

8. What two numbers are those which are to each other 

as m to », and the sum of whose squares is equal to o^ ? 

ma na 

Ans, / ■ , 

Vtn^+n^ Vn^^-^ 

9. What two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

Ans, 5 and 10. 

10. What two numbers are those which are to each other 
as m to », and the difference of whose squares is equal 
to 5M 

mh nh 

11. A certain sum of money is placed at interest for six 
months, at 8 per cent, per annum. Now, if the amount be 
multiplied by the number expressing the interest, the pro- 
duct will be 562500 : what is the amount at interes*. ? 

Ans, $3750. 

12. A person distributes a sum of money between a num- 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one- 
half as many dollars as there are persons, and the women 
twice as many dollars as there are boys, and together they 
receive 138 dollars: how many women were there, and 
how many boys ? 

i 36 women 
} 48 boys. 
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Of Complete Equations. 

122m We have already seen (Ait 117), that a complete 
equation of the second degree, contains the square of the 
unknown quantity, the first power of the unknown quantity, 
and known terms* 

L If we have the complete equation 

we haye, by transposing and seducing, 

and by dividing by 3, 

an equation containing but three terms. 
2. If we have the equation 

by ollecting the coefficients of «> and or, we have 

and dividing by the coefficient of «>, we have 
3a^— c d 



QvBtT. — 188. How mailer tenns does a complete aqnuion of the 
second degree contain 1 Of what is the first term compoeedt The 
secondt Thethiidt 

16 
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If we represent the coefficient of x by 2/}, and the known 
term by g, we have 

an equation containing but three terms. 

Hence, we see that every complete equation of the second de- 
gree can be reduced to an equation containing but three terms 

123. We wish now to show that there are four forms 
under which this equation will foe expressed, each depend- 
ing on the signs of 2p and q. 

Ist. Let us for the sake of illustration, make 

2p=+4, and q=+5: 

we shall then have «*+4ap=:5, 

2nd. Let us now suppose 

2p=— 4, and ^ = +5: 

we shall then have afi^Ax=:5. 

3rd. If we make 

2p=z +4, and q=^ —5, 

we have 05^+ 4a?= — 5. 

4th. If we make 

2p=— 4, and qziz — ^5, 

we have as^— 4«=— 5. 



QuKST. — 123. Under how many forms may eyery equation of the 

second degree be expressed 1 On yvhtX will these forms depend 1 What 

^ *^o signs of the coefficient of x and the known term, in the first 

"^^™**^*^t in the second! What m the third 1 What in the f narth • 

T forms. 
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We therefore conclude diat every complete equation of 
the second degree may be reduced to one of these forms : 

«'+2jpap=+y, 1 St form. 

«>— 2p«=+5', '^nd form. 

«*+2p«=— 5^, 3rd form. 

«*— 2pap=— ^, 4th form. 

124. Remark. — If, in reducipg an equation to either of 
these forms, the second power of the unknown quantity 
should have a negative sign, it must be rendered positive 
by changing the sign of every terra of the equation. 

125. We are next to show the manner in which the 
value of the unknown quantity may be found. We have 
seen (Art. 38), that 

and comparing this square with the first and third forms, we 
see that the first member in each contains two terms of the 
square of a binomial, viz : the square of the first term plus 
twice the product of the 2nd term by the first. If, then, we 
take half the coefficient of x, viz : p, and square it, and add 
to both members, the equations takci the form 

ai^+2px+p»=q +p», 

a^+2px+pl»=:z'^q +p\ 

in which the first members are perfect squares. This is 



Qosar. — 184. If in reducing an equation to either of these forms the 
coefikient of x* is negative, what do yon dc 1 — 126. What is the square 
of a binomial equal to 1 What does the first member in each fonn con- 
tain 1 How do yon render the first member a perfect square 1 What is 
thiscalledl 
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called completing the square. Then, by extracting the 
square root of both members of the equation w6 have 

and «?+i>= ± V—q+I^f 

which gives, by transposing p, 

1 26. If we compare the second and fourth forms with 
the square 

we also see that half the coefHcient of x being squared and 
added to both members, will make the first members perfect 
squares. Having made the additions, we have 

Then, by extracting the square root of both members we 
have 

and X— p= ± y— y+j>»; 

and by transposing — p, we find 

and xz=zp d= \/--^+p'. 



QuBtT. — 126. In the second form, how do you make the fint meiD- 
ber a perfect square ' 
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137. Hence, for the resolution of every equation of the 
econd degree, we have the following 

RULE. 
L Reduce the equation to one of the known form^. 

II. Take half the coefficient of the second term^ square t^ 
and add the result to both members of the equation. 

III. Then extract the square root of both members of the 
equation ; after which, transpose the known term to the second 
member. 

Remark. — The square root of the first member b always 
equal to the square root of the first term, plus or minus half 
the coefiicientof x. 

EXAMPLES IN THE FIRST FORM. 

1. What are the values of d? in the equation 

2a?+8x=64 ? 
If we first divide by the coefiicient 2, we obtain 
a!»+4ar=32. 
Then, completing the square, 

ai3+4a?+4=32+4=36. 
Extracting the root, 

«+2 = ±'v/3F=:+6 or —6. 
Hence, ap=— 24-6=-+-4 ; 

or, «=:— 2— 6=— 8. 



Quest. — 127. Give the general rule for resolving an equation of the 
second degree. What is the first step t 'V^liat the second \ What the 
third'* ^Vbat is the square root of the first member always equal to ' 
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Thai is, in this form the smaller root is positive, and the 
larger negative. 

Verifieaiian. 

If we take the positive value, viz : «=+4, 

he equation a^+4x=i32 

gives 4*4-4x4=32: 

and if we take the negative value oi «, viz : «=— '8, 

the equation a[r*+4ap=32 

gives (-8)»+4(-8)=64-.32=32. 

From which we see that either of the values of c, vis : 
«=+4 or «=— 8, will satisfy the equation. 

2. What are the values of or in the equation 
3a»+12ar-19=— a»— 12«+89 1 
By transposing the terms, we have 

3aja+«»+12«+12a?=89+I9: 

and by reducing, 

4aja+24a:=108; 

and dividing by the coefficient of «>, 

«a+6x=27 

Now, by completing the square, 

r»+6«+9=36, 

extracting the square root, 

ap+3=±'v/35=+6 or —6: 
hence, ap=+6— 3=+3; 

or, 9=s— 6— 3=— 0. 
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Verificatum, 
If we take the plus root, the equatioii 

«a+6ar-;=27 
gives (3)«+6(3)=27; 

and for the negative root, 

ai3+6ar=27 
gives (-9)«+6(-9)=81 -54=27. 

4. What are the values of x in the equation 

«»— 10ar+ 15=^ ~34ar+ 155. 
5 

By clearing the fractions, we ha^e 

5ar»-50a:+75=a^-170ar+775 : 

by transposing and reducing, we obtain 

4a:»+120a?=700; 

then, dividing by the coefficient of d^, we have 

x^+30x=zl75; 

and by completing the square, 

«a+30a?+225=:400 ; 

and by extracting the square root, 

x+15=d= V400=-|-20 or —20 

Hence, «=+5 or —35. 

Verification. 
For the plus value of «, the equation 
r»+30a:=:175 
gives (5)a4 30x5=25+150=175 
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And for the negative value of «, we have 

(-.35)»+30(-35)=1225— 1050=175. 

5. What are the values of x in the equation 

6 2 4 3 12 

Clearing the fractions, we have 

I0a:>-6ar+9=96— 8«— 12«a+273 ; 

transposing and reducing, 

22«>+2«=360 ; 

dividing both members by 22, 

2 360 
■^22*"""22^ 

Add (oo) ^ ^^ members, and the equation beoomeB 

''+22*+(22) =-22-+(22) ' 
whence, by extracting the square root, 

.1 ^ /360 / 1 \» 

therefore, 

_ 1 . /36(i / 1 \» 

. 1 /360 , / 1 V 

■^ *=-22-V-2an22)- 
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It remains to perform the nmnerical operations. In the 
iirst place, '^+[99 ) TBmai be reduced to a single num- 
ber, haying (22)^ for its denominator. 

N 360/1 y 360x22- H 7921 

^®^' 22"^\22/"" (22)a ""(22)a' 

extracting the square root of 7921, we find it to be 89; 
therefore, 



/360 . / 1 V 89 
V'22-+V22;=*22- 



Consequently, the plus value of x is 

*"" 22"*"22'"22"" ' 
■ad the negatiTe value is 

1 89_ 45 

*"■ 22 22 """"ll^ 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the other 
a negative fraction. 

6. What are the values of x in the equation 

3«>+2ar— 9=76. 

I «=-5}. 

7. What are the values of x in the equation 



2«a+8x+7=^~+197. 



-■ i::i 



"A 
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8. What are the values of « in the equation 
— -y+15=— -8x+95i. 



9. What are the values of x in the equatioii 
«* 5« „ X _ , -1 

C «=:2 



iilU. 



10. What are the values of c in the equation 



ff 4. JL— ** ^—4-1? 
2 "*" 4 ""T 10'*"20' 



Aiw. * 



XXAMPLBS IN THB SBCOND FORM. 

1. What are the values of jr in the equation 
«2_8ar-}-10=zl9. 
By transposing, 

a:3— 8«=19-10=9, 
then by completing the square 

«»-ar+16=9+16=2a, 
and by extracting the root 

«— 4=d: V25"r^+5 or —5. 
Hence, 

«=4+5=9 or ar=4-5 = -l. 

That is, in this form, the largest root is positive and the 
smaller negative. 
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Yerificatum. 

If we cake the positive value of x, the equalioii 
«'-8ap=9 gives (9)2—8x9=81—72=9; 
and if we take the negative value, the equation 

«»-8ar=9 gives (-l)a-8(-l)=l+8=9; 

from which we see that both values alike satisfy the equar 
tion. 

2. What are the values of « in the equation 

By clearing the fractions, we have 

6r»-|-4,_i80=3a!»+ 12«— 177 
and by transposing and reducing 

3a^— 8«=3« 
and dividing by the co-efficient of «>, we obtain 

Then, by completing the square, we have 
_, 8- ,16 , , 16 25 



uid by extracting the square root, 

4 /25 . 5 5 

.-.-==b^-=+- or ~ 

Hence, 
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Verification. 
For the positive value of op, the equation 

ap* — 5-^=1 

8 
gives 32 — —X 3=9—8=1: 

o 

and for the negative value, the equation 

3. What are the values of « in the equation 



2 



+7f =8 ? 



Clearing the fractions, and dividing by the coefficient of 
ap*, we have 

«a— |^=lf 

Completing the square, we have 

- 2,1 _., 1 49 

-^-r+y=^*+T=36' 

theni by extracting the square root, we have 

1 y59 . 7 7 

ap— 

hence, 



.--=±y-=+-or --. 



1.79,. 17 5 
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Verification. 
If we take the positive value of a, the equation 

gives (lj)«-|.xlj=2i-l = ij: 

and for the negative value, the equation 

/ 5 \» 2 5 25 , 10 45 , , 

4. What are the values of op in the equation 

4a«-.2ar24-2ar=18ai— 185« T 

By transposing, changing the signs, and dividing by 2, it 
becomes 

««— ar=2a»— 9a*+9^ , 

whence, completing the square, 

4 4 

extracting the square root, 

Now, the square root of -r dab+W, is evidently 

3d 

— — 35. Therefore, 

« . /3a «i\ ( «= 2a— 35, 

«=-:r =*=(-:; — 35), or < . * 

17 
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What will be the numerical Tallies of x, if we mippoae 
a=6 and &=1 T 

5. What are the values of « in the equation 

3 o 

j^^ C «= 7,12 ) to within 
"*' K=— 5,73J 0,01. 

6. What are the values of x in the equation 

8x»-14«+10=2«+34 ? 

Ans, 



7. What are the values of x in the equation 



?f._304-a:=:2«-22 ? 
4 



Ant, 



8. What are the values of x in the equation 



j(a-3«+^=9«+13J? 
2 



Ant, 



ix= 3. 

<«=-l 



C4P= 8. 
U=-4. 






9. What are the values of x in the equation 
2ar--a:a=-2a*-52! 

An. 5'= 2a-uft. 

10. What are the values of « in the equation 



Am. •< 
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EXAMPLES IN THE THIRD FORM. 

1. What are the values of « in the equation 

First, by completing the square, we hare 
«a+4x+4=— 3+4=1 ; 
and by extracting the square root, 

«+2=dbvnr= + l or —1: 
hence, «=— 2+l=s — 1 ; or «=— 2— 1 =— 3 
That is, in this form both the roots are negatire. 

VerifiecUionn 
If we take the first negative value, the equation 
a:a+4z=-3 
gives (-.i)a+4(-l)=l-4=-3 ; 

and by taking the second value, the equation 

«a+4«=-.3 
gives (-.3)«+4(-3)=9-12=-3: 

hence, both values of x satisfy the given equation. 
2 What are the values of dr in the equation 

** -5«-16=12+-i«a+6«. 



2 • 2 

By transposing and reducing, we have 

— a«— 11«=28; 

then since the coefficient of the second power of x is nega- 
tive, we change the signs of all the terms which gives 

a«+lU=-28, 
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then by completing the square 

«a+lla:+30,25=2,25, 
hence, 

a+5,5 = ±v'2;25^ + l,5 or -1,5. 
onsequently, 

x=— 4 or «s=--7. 

3. What are the values of « in the equation 



-^-2«-5=^«»+5;r+6. 



«=-a 



Ans. 5'=-^ 



4. What are the values of « in the equation 



2«s+8«=-2}~|-«. 



Ans. 



6. What are the values of « in the equation 

c x=s— 2 






Ans. » *=-* 



6. What are the values of » in the equation 

3 42^ 
-«»-.4-— «=— +244P+2. 






7. What are the values of x in the equation 
■i-«»4 7«+20=— |-«*-lI«-60. 

U=- 8. 
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8. What are the ralues of « in the equation 

(«=-8 



6 2 '6 2 









9. What are the values of op in the equation 

\ 

r 

10. What are the values of x in the equation 

i «=— 1. 

11. What are the values of x in the equation 

a«+4«— 90=—93. 

U=-i. 

EXAMPLES IN THE FOURTH FORM. 

1. What are the values of oir in the equation 

«a-.at=— 7. 

By completing the square we have 

r»—8«+16=— 7+16=9; 

then by extracting the square root 

ar-4=±'v/5=+3 or —3; 
hence, 

«=4-7 or a?= + l. 

That is, in this form, both the rooU are positive. 
17» 
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Vertficatiofi, 
If we take the largest root, the equation 
««— 8apr=— 7 gives 7«— 8x7=49— 56=— 7; 
and for the smaller, the equation 

«»— 8a?=— 7 gives !»— 8x 1 = 1— 8=— 7: 
hence, both of the roots will satisfy the equation. 

2. What are the values of dr in the equation 

40 
-1 Ja>+3x-.10= 1 J««-.iar+y. 

By clearing the fractions, we have 

-3a«+6x-20=3«»-36x+40; 

then by collecting the like terms 

— 6««+42«=60 ; 

then by dividing by the coefficient of a^^ and at the 
time changing the signs of all the terms, we have 

aj»-7x=-10. 

By completing the square, we have 

jca-7ir+ 12,25=2,25, 

and by extracting the square root of both members, 

x-.3,5= ± V2,25 = 4-l,5 or —1,5. 
hence, 

«=3,5-|- 1,5=5, or 9=3,5—1,5=2. 
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Verification. 
If we take the larger root, the equation 
a»— 7«= — 10 gives 5*— 7x5=25— 35= — 10; 
and if we take the smaller root, the equation 

«»— 7«=-10 gives 2»— 7x2=4— 14= — 10. 
3. What are the values of « in the equation 
-3«+2«*+l=17t«— 2a»— 3. 
By transposing and collecting the terms, we have 

4ar2— 20|«=— 4; 
then dividing by the coefficient of c* we have 

a»-.5l«=-l. 
By completing the square, we obtain 

and by extracting the root 

"44" , 



, «> ^ /T^r . 12 18 



hence^ 



n. . 12 ^ „, 12 1 

«=2j+— =5; or, ar=2}-y=y. 



Verification. 
If we take the larger root, the equation 
a»— 5|jp= — 1 gives 52-5| x5=25— 26 = -l 
ftftid if wo take the smaller root, the equation 

i^-5i..-:-l gives (_)^5}x-=55-55=:-l 
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4. Wliat are the values of x in the equatioii 



7 ^2 7 ^T^ 4 



jin^. 



5. What are the values of x in the equation 

Ans. 

6. What are the values of x innhe equation 






Aim. 

7. What are the values of x in the equation 

a»-10A«=-l? 

8. What are the values of « in the equation 



17*2 o^ 

27«+-^+100=-f|l+ 12.-26? 

9. What are the values of « in the equation 
8jc2 7<^ 
— 22«+15= _+28«-30 

Ans. 
10. What are the values of op in the equation 



i:: 



«=7 
6. 



ix=^9. 
ix=l. 



24P»-30ap+3=r ^^r^+a^^^^t 



Ans, i *= 



Iap=ll 
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Properties of the Roots. 

1 2S. We have thus far, only explained the methods of 
finding the roots of an equation of the second degree. We 
are now going to show some of the properties of these roots 

The Jirst form. 
129. The first form 

a^+2px=zq 
gives 1st root «=— />f V^+pi 

2nd root a p=— - p—Vq+p^t 

and their sum == — 2p. 

Since, in this form q is supposed positive, the quantity 
q+p^ under the radical sign will be greater than p^, and 
hence its root will be greater than p. Consequently the 
first rooty which is equal to the diflerence between p and 
the radical, will be positive and less thauy/q +jiF. In the second 
root, p and the radical have the same sign; hence, the 
second root will be equal to their sum and negative. If we 
multiply the two roots together, we have 

+p2^p^q+p2 

+pVq+p'-q-p^ 

Product equal to ^q, 

QuKftT. — 129. In the tint form, have the roots the same or contrary 
aigns! What ia the aign of the first rooti What of the secondl 
Which ia the greater! What is *Jieir sum equal to^ What is their 
product equal to ^ 
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Hence we conclude, 

1st. That in the first form one of tka roots is ahoays posi 
tivcy and the other negative, 

2nd. That the positive root is numencaUy less than the 
negative. 

3rd. That the sum of the two roots is equal to the coefficient 
of Ji in the second term^ taken with a contrary sign, 

4th. That the product of the two roots is equal to the known 
term in the second member ^ taken with a contrary sign. 

EXAMPLES. 

1. In the equation 

ic2+a?=20, 

we find the roots to be 4 and —5. Their sum is —I, 

and their product —20. 

2. In the equation 

a2+2x=3, 

we find the roots to be 1 and —3. Their sum is equal to 
—2, and their product to —3. 

3. The roots of the equation 

are +9 and —10. Their sum is —1, and their product 
-90. 

4. The roots of the equation 

a?2-f4a?=60, 

are 6 and —10. Their sum is —4, and their product is 
—60. 
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Let these pniiciples be applied to each of the examples 
under " examples in the first form." 

Second Farm, 

1 30. The second form is, 

«•— 2pap=jF ; 

and by resolving the equation we find 

1st rooty sc=z+p+yq+p^ . 

2nd root, x= +p'—^q+p^ 

and their sum = 2p. 

In this form, the first root b positive and the second 
negative. If we multiply the two roots together, we have 

{p+ ^qW)x{p-VffP)^^q. 

Hence we conclude, 

1st. Thai in the second form one of the roots is posiHve 
and the other negative, 

2nd. That the positive root is numerically greater than the 
negative, 

3rd. That the sum of the roots is equal to the coefficient of 
X in the second term, taken wiUt a contrary sign, 

4th. That the product of the roots is equal to the known 
tsrm in the second member^ taken with a contrary sign. 



QuEBT. — 130. What is the sign of the first root in the second form 1 
What is the sign of the second t Which is the greater 1 What ia theii 
sum equal to T What is their product equal to 1 
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EXAMPLES. 

1. The roots of the equation 

are +4 and —3. Their sum is 4-I9 and their product 

— 12. 

2. The roots of the equation 

are +10 and — tx- Their sum is 9^^^, and their product 
is -1. 

3. The roots of the equation 

«a-6x=16, 

are +8 and —2. Their sum is +6, and their product 
is -16. 

4. The roots of (he equation 

«a-ll«=:80, 

are +16 and —5. Their sum is +11, and their product 
is —80. 

Let these principles be applied to each of the examples 
under " examples in the second form.** 

Third Form. 
131. The third form is, 

and by resolving the equation we find, 

1st root, ap=— P+-/— y+;>a, 



2nd root, ap=: — />— V^---y+jP^ 

Their sum is = — 2p 
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In this fonn, the quantity under the radical being less 
than ^^ its root will be less than /> : hence both the roots 
will be negative, and the first will be numehcallj the least. 

If we multiply the roots together, we have 



(-p+V-y+/^)x(-ii--/-y+p')=+y. 

Hence we conclude, 

1st. That in the third form both the roots are negative, 

2nd. That the first root is numerically less than the second. 

3rd. That the sum of the ttoo roots is equal to the coefficient 
of X in the second termy taken with a contrary sign, 

4th. That the product of the roots is equal to the known 
term in the second member ^ taken with a contrary sign. 

EXAJfPLES. 

1. The roots of the equation 

a2+93?=— 20, 

are —4 and —5. Their sum is —9, and their product 
+20. 

2. The roots of the equation 

«a+13«=— 42, 

are —6 and --7. Their sum is ^13, and their product 
+42. 



QuKST. — 131. In the third fonn, what are the ligni of the rooti f 
Which root is the least 1 What is the sum of the rooU equal to 
What is their product equal to ^ 

18 
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3. The roots of the equation 

3 
are — — and —2. Their sum is —2f, and their product 

+H- 

4. The roots of the equation 

are —2 and —3. Their sum is —5, and their product 
b +6 

Let these principles be applied to each of the examples 
under " examples in the third form.** 

Fourth Form. 

132. The fourth form is, 

ap*— 2px= — q\ 
and by resolving the equation we find, 
Ist root, apsr/j-f--/— y-f-/>' 

2nd root, x^zp—^—g+p^ 

Their sum is =2p. 

In this form, as well as in the third, the quantity under 
the radical being less than p\ its root will be less than p : 
hence both the roots will be positive, and the first will be 
the greatest. 

If we multiply the two roots together, we have 
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Hence we conclude, 

1st. That in the fourth form both the roots are positwe. 

2nd. Thai the first root is greater than the second. 

3rd. Thai the sum of the roots ts equal to the coefficient of 
z in the second term^ taken with a contrary sign, 

4th. That the product of the roots is equal to the knavn 
term in the second member, taken with a contrary sign, 

EXAMPLES. 

1. The roots of the equation 

are +4 and +3. Their sum is +7 and their pro- 
duct + 12- 

2. The roots of the equation 

ap2-14x=-24, 

are +12 and +2. Their sum is +14 and their pro- 
duct +24. 

3. The roots of the equation 

ac2— 20x=— 36, 

are +18 and +2. Their sum is +20 and their pro- 
duct +36. 

4. The roots of the equation 

«a-17a?=-42, 

are +14 and +3. Their sum is +17 and their pro 
duct +42. 



QvBST. — 132. In the fourth fonn, what are the signs of the roots 1 
Which root is the greatest 1 MHiat is the sum of the rooU equal to 7 
What is their product equal to ^ 
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133. In the third and fourth forms the values of x some- 
times become imaginary, and in such cases it is necessary 
to know how the results are to be interpreted. 

If we have y>p', that is, if the known term is greater 
than half the coefficient of x squared, it is plain that ^^q-j-p^ 
will be imaginary, since the quantity under the radical 
will be negative. Under this supposition the values of x 
in the third and fourth forms will be imaginary. 

We will now show that, when in the third and fourth 
forms, we have q^p^, the conditions of the question will be 
incompatible with each other. 

134. Before showing this it will be necessary to estab- 
lish a proposition on which it depends : viz. 

If a given number be decomposed into two parts and those 
parts multiplied together, the product wiU be the greatest pos* 
sible when the parts are equaL 

L?t 2p be the number to be decomposed, and d the difler- 
ence of the parts. Then 

p +—= the greater part (page 80, Ex. 7.) 

d^ 
and j^ — T=^» their product (Art. 40.) 

Now it is plain that P will increase as d diminishes, and 
that it will be the greatest possible when J=0 : that is, 

pXp=zp^ is the greatest product. 



QirvsT. — 133. In which forms do the values of z become imaginaiyf 
^*hen will the values of z be imaginary '^ Why will the values of x be 
then iinapnanrt 
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Now, since in the equation 

2p is the sum of the roots, and q their product, it follows 
that q can never be greater than p^. The conditions of the 
equation, therefore, fix a limit to the value of q, and if we 
make q^f^^ we express by the equation a conmuon which 
cannot be fulfihed, and, this contradiction is made apparent 
by the values of x becoming imaginary. Hence we may 
conclude that, 

When the values of the unknaum quantity are imaginary , 
the conditions of the question are incompatible with each other, 

SXAMPi^SS. 

1. Find two numbers whose sum shall be 12 and pro- 
duct 46. 

Let X and y be the numbers. 

fiy the 1st condition, dc+y=12 ; 

and by the 2d, ary=46. 

The first equation gives 

a=12— y. 
Substituting this value for op in the second, we have 

12y-y»=46; 
and changing the signs of the terms, we have 
y3— 12y=— 46. 



QuxsT.— 134. What is the proposition demonstrated in Article 134 f 
If the conditions of the question are incompatible, how will the values 
of the unknown quantit) be ^ 

18* 
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Then by completing the squsre 

y2—12y+36r=— 46+36=— 10 

which gives y=^+ V— 10» 

and y=6— V— 10; 

both of which values are imaginary, as indeed they should 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20 *■ 
what are the numbers ? 

Denote the numbers by x and y. 
By the first condition, 

«+y=8 ; 
and by the second, «y=20. 

The first equation gives 

dp=8— y 
Substituting this value of op in the second, we have 
By— y2=20 ; 
changing the signs, and completing the square, we have 

y2_8y+16=-4; 
and by extracting the root, 

y=4+-/— 4 and y=4— -/— 4. 

These values of y may be put under the forms (Art. 106) 

y=4+2'/^T and y=4— 2-/ — 1. 

3. What are the values of x in the equation 

a;a+2aj= — 10. 

Ans. (—1+3,/:^ 
(«=-l-3v'^ 
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Examples with more than one unknown quantity. 

1. Given i*,:[:J,IiJJ} to find « «»d ,. 

By transposing y in the first equation, we hare 
«=14— y ; 
imd by squaring both members, 

a2=196— 28y+ya. 
Substituting this value for a^ in the 2nd equation, we have 
196-.28y+y»+ya=100 ; 
from which we have 

y2_14y-._48; 

and by completing the square, 

y^-14y+49=l ; 

and by extracting the square root, 

y-7=ifc-v/T=+l or —1: 

hence, y=7+l=8, or y=7— 1=6. 

If we take the larger value, we find x=6 ; and if we 
take the smaller, we &id dp =8. 

Verijication. 
For the largest value, y=:8, the equation 
4P+y=14 gives 6+8=14; 
and a!«+y2=100 gives 36+64=100. 

For the value y=6, the equation 

ap+y=14 gives 8+6=14; 
and ap«+y2=100 gives 64 + 36=100. 

Hence, both sets of values will satisfy the given equation 
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3. Given { . \,*~ ^ J to find x and v. 

Transposing y in the first equation, we have 
«=3+y ; 
and then squaring both members, 

a!3=9+6y+y». 

Substituting this value for x^ in the second equation, we 
have 

9+6y+y»-.y»=:45 ; 
whence we have 

6y=36 and y=:6. 
Substituting this value of y in the first equation, we have 
ar— 6 = 3, 
and consequently ap=3+6=9. 

Verifieaiian. 
«^ys=3 gives 9—6=3; 
and «*— y<=45 gives 81—36=45. 

3. Given < J] J^ . « o~^a f to find a and y. 
l a»+3«y+2y»=40 > ^ 

Subtracting the first equation from the second, we have 

2y«=18, 

which gives y'=9>' 

and y= + 3 oi —3. 

Substituting the plus value in the first equation, we have 

«»+9«=22 ; 
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trom which we find 

jr=+2 and «= — 11. 

If we take the negative value, y= —3, we have from the 
Arst equation, 

«3— 9«=22 ; 

from which we find 

«=+!! and ap=r— 3. 

Verifieatian, 

For the yaluea jr=:+3 and «=+2, the eqoatian 

a^+3dEy=22 

gives 2^+3x2x3=4+18=22: 

and for the second value, «=— 11, the same equation 

d^+3jEy=22 

gives (-ii)«+3x -11x3=121-99=22. 

If now we take the second value of y, that is, y=— 3 
and the corresponding values of «, viz, «= + ll, and 
x= —2 ; for «= + 1 1 , the equation 

x^+3xyz=22 
gives ll«+3 X 11 X -3=121 -99=22; 

tnd for «=— 2, the same equation 

«3+3a;ys22 
gives (-.2)«+3x -2 X -3=4+18=22. 

, «,=y» (1). 

4. Given < « +y +;v = 7 (2) V to find «^ y, and s. 
' «»+y»+««=21 (3) ) 
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ThuoBposing y in the second equation, we have 

«+*=7-y (4); 

then aquaring the members, we have 

«»+2«»+*«=49— 14y+y«. 

If now we substitute for 2xm its value taken from the 
first equation, we have 

«*+2y2+*»=49-14y+y« ; 

and cancelling y* in each member, there results 

«^+y'+'*=49— 14y. 

But, from the third equation we see that each member of 
the last equation is equal to 21 : hence 

49-14y==21, 

and 14y=49~21=28. 

hence, y=— =2. 

Placing this value for y in equation (1) gives 

XMz=:4 ; 
and placing it in equation (4) gives 

«+#=5, and a=r5— #. 

Substituting this value of j in the previous equation, we 
obtain 

5:r— «'=4 or **— 5*=— 4; 
and by completing the square, we have 
»«— 5»+6,25=2,5, 
and *— 2,5=±'v/5^— + 1>5 or —1,5; 

nence, s=2,5+lf5=4 or s=+2,5— l^aL 
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If we take the ralue 

sr=4, we find «=:1 : 
if we take the less ralue 

M=l, we find stzzA. 

3. GiTen , + V^+y = 19 J ^ fi^j . ^j 
and «»+ «y+y»=:133/ ^ 

Diriding the second equation by the first, we have 

but «+V^+ y=19 

nence, by addition, 2a +2y=:26 

or flp + y=13 

and substituting in 1st eqoa. V^+ 13=19 



«07 



or 

and by squaring 

From 2d equation, 

and from the last 

Subtracting 

hence, 

but 

hence 



-v/5y = 6 
xy=36 

«*+«y+y*=133 
3ary =108 



«*— 2jFy+y*= 25 
«— y=dk 5 
«+y= 13 
«=9 or 4; and y=4 or 9. 



6. Given the sum of two numbers equal to a, and the 
sum of their cubes equal to c, to find the numbers 



By the conditions 
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Putting «=«+;», and y=«^s, we have 
a=2j, or *= y ; 

hence, by addition, x^+y^=z2s^ +6sz*z=zc^ 

whence #»= — ;; — and M=:zt\/ — r — ; 

6s V 6s 

or by putting for s its value, 

i|3 , ^ 



'=f*\/C-^=fV 



12a 
a» 



"^d y=T^N/(V-)=T=^V^ 



-a^ 



12a 



NoTB. — ^What are the numbers when a=:5 and c=35. 
What are the numbers when a=9 and c=243. 

QUESTIONS. 

1. Find a number such, that twice its square, added to 
three times the number, shall give 65. 

Let X denote the unknown number. Then the equation 
of the problem will be 

2«3+3x=65 , 
whence 

3 ^ /65 . d 3 . 23 
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Therefore, 

3 . 23 ^ ^ 3 23 13 

.==--+-=5, and ,r=-.---=-.-. 

Both these values satisfy the question in its algebraic 
senser For, 

2x(5)»+3x5=2x25+15=65 ; 
^ «/ 13\' . o 13 169 39 130 ^^ 

RsvARK. — ^If we wish to restrict the enunciation to its 

arithmetical sense, we will first observe, that when x is 

replaced by —op, in the equation 2x'+3ar=65, the sign of 

the second term 3x only, is changed, because (— x)^=x^ 

3 23 
Therefore, instead of obtaining «= — T^T* ^^ should 

3 23 13 

find «=— ±— , or dP=:—, and «=— 5, values which only 

differ from the preceding by their signs. Hence, we may 

13 

say that the negative solution — --, considered indepeu 

2 

dently of its sign, satisfies this new enunciation, viz : To 

find a number sitehy that twice its square, diminished by three 

times the number^ shall give 65. In fact, we have 

^ /ISV ^ 13 169 39 ^. 



Reeark. — ^The root which results fVom giving the plus 
sign to the radical, generally resolves the question both 
m its arithmetical and algebraic sense, while the second 
root resolves it in its algebraic sense only. 

19 
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Thus, m the example, it was required to find a number, 
of which twice the square added to three times the number 
shall give 65. Now, in the arithmetical sense, added means 
increased ; but in the algebraic sense it implies diminution, 
when the quantity added is negative. In this sense, the 
second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents. If he had received 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard. How many yards did he purchase ? 

Let x=z the number of yards purchased. 

240 
Then will express the price per yard. 

If, for 240 cents, he had received 3 yards less, that is 
a?— 3 yards, the price per yard, under this hjrpothesis, would 

have been represented by -. But, by the enunciation, 

this last cost would exceed the first by 4 cents. Therefore, 
we have the equation 

240 240 , 



whence, by reducing ar*— 3*=180, 



'=tW- 



9 3±27 

+ 180 = - 



4 • 2 ' 

therefore ir=15 and «= — 12. 

The value x=l5 satisfies the enunciation; for, 15 yards 

of 240 cents gives , or 16 cents for the price of 

1 o 

one yard, and 12 yards for 240 cents, gives 20 cents for the 

price of one yard, which exceeds 1 6 by 4. 
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As to the second solution, we can form a new enuncia- 
tion, with which it will agree. For, going back to the 
equation, and changing x into — x, it becomes 

240 240 , 240 240 , 
-=4, or — : r^=4, 



— X— 3 —a ' X x+3 

an equation which may be considered the algebraic transla- 
tion of this problem, viz : A certain person purchased a nffm- 
her of yards of cloth for 240 cents : if he had paid the same 
sum for 3 yards more, it would have cost him 4 cents less per 
yard. How many yards did he purchase 1 

Ans. x=:12, and a:= — 15. 

3. A man bought a horse, which he sold after some time 
for 24 dollars. At this sale, he loses as much per cent, 
upon the price of his purchase as the horse cost him. 
What did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse, «— 24 will express the loss he sustained. But as 

he lost X per cent, by the sale, he must have lost ■ 

upon each dollar, and upon x dollars he loses a sum de- 

noted by - ; we have then the equ- :on 

=a?--24, whence a:^ — 100a = —2400. 



100 

and ap=50±'/2500-?<^r=:50±10. 

Therefore, ar=60 and x=40. 

Both of these values satisfy the question. 

For, in the first place, suppose the man gave $60 for the 
horse and sold him for 24, he loses 36. Again, from the 
enunciation, he should lose 60 per cent, of 60, that is 
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€0 ^ ^^ 60x60 ... , „^ , 

•J—- of 60, or — , which reduces to 36 ; there- 
fore, 60 satisfies the enunciation. 

Had he paid $40, he would have lost $16 by the sale ; 

40 
ibr, he should lose 40 per cent, of 40, or 40 x ^^ , which 

reduces to 16 ; therefore, 40 Terifies the enunciation. 

4. A man being asked his age, said the square root ol 
my own age is half the age of my son, and the sum of 
our ages is 80 years : what was the age of each T 

Let x:=i the age of the father. 
y=z that of the son. 
Then by the first condition 

and by the second condition 

a?+y=80. 
If we take the first equation 

and square both members, we have 

*-T- 

If we transpose y in the second, we have 
ap=80— y: 
from which we find 

y=r-2±v'324*=16; 

by taking the plus root, which answers to the fuestion in 
its arithmetical sense. Substituting this value, we find 
«= 64. ^^ ^ Father's age 64 

* < Son's 16 
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5. Find two numbers, such that the sum of iheir pro- 
ducts by the respectiye numbers a and b, may be equal to 
2j, and that their product may be equal to p. 

Let X and y be the required numbers, we hare the equa- 
tions 

ax+by=2s, 
and • xy=p. 

From the first y= — 7 — ; 

whence, by substituting in the second, and reducing, 



Therefore, «= — ± — ^ s^^a 

a a 

and consequently, 



y=T'^T'^'"-'^- 



This problem is susceptible of two direct solutions, be- 
cause s is evidently > ^s^-^abp ; but in order that they 
may be real, it is necessary that ^> or =^ahp. 

Let 11=16=1 ; the values of x and y reduce to 



«=j±'|/^— /> and y=zgop^i^^p. 

Whence we see, that the two values of x are equal to 
those of y, taken in an inverse order ; which shows, that if 
s+ V*2--/> represents the value of «, j— ^s^-^p will re- 
present the corresponding value of y, and reciprocaUy. 

This circumstance is accounted for, by observing that hi 
this particular case the equations reduce to 



i ^=p ; S 
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and then the question is reduced to, finding two mtmbers of 
which the sum is 2s, and their product p, or in other words 
to divide a number 2s, into two such parts, that their produc 
may be equal to a given number p. 

Let us now suppose 

2^=14 and p=z4S: 
what will then be the values of x and y ? 



Ans. 5*=8or6 
(y=6 or 8 

6. A grazier bought as many sheep as cost him JC60, and 
after reserving fifleen out of the number, he sold the re- 
mainder for jE^54, and gained 2^. a head on those he sold : 
how many did he buy ? Ans. 75. 

7. A merchant bought cloth for which he paid JC33 15^., 
which he sold again at £2 Ss, per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy ? Ans. 15. 

8. What number is that, which, being divided by the pro- 
duct of its digits, the quotient is 3 ; and if 18 be added to 
it, the digits will be inverted ? Ans. 24. 

9. To find a number, such that if you subtract it from 1 0, 
and multiply the remainder by the number itself, the product 
shall be 21. Ans. 7 or 3. 

10. Two persons, A and 6, departed from different places 
at the same time, and travelled towards each other. On 
meeting, it appeared that A had travelled 18 miles more 
than B ; and that A could have gone B*s journey in ] 5| 
days, but B would have been 28 days in performing A's 
journey. How far did each travel ? 

Ans. 5 -^ 72 miles 
C B 54 miles 
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11. There are two numbers whose difTerence is 15, and 
hair their product is equal to the cube of the lesser num- 
ber. What are those numbers ? Ans, 3 and 18. 

12. What two numbers are those whose sum, midtiplied 
by the greater, is equal to 77 ; and whose difference, midti 
plied by the lesser, is equal to 12 ? 

Ans. 4 and 7, or fy^and y ^/li. 

13. To divide 100 into two such parts, that the sum oi 
their square roots may be 14. Ans. 64 and 36. 

14. It is required to di\dde the number 24 into two such 
parts, that their product may be equal to 35 times their dif- 
ference. Ans. 10 and 14. 

15. The sum of two numbers is 8, and the siun of their 
cubes 152. What are the numbers ? Ans. 3 and 5. 

16. Two merchants each sold the same kind of stuff; 
the second sold 3 yards more of it than the first, and to- 
gether they receive 35 dollars. The first said to the second, 
"I would have received 24 dollars for your stuff;" the 
other replied, '' And I should have received 12^ dollars for 
yours." How many yards did each of them sell ? 

. C 1st merchant a;= 15 dp=5. 

"*"*• Und „ y=18 «' y=8. 

17. A widow possessed 13,000 dollars, which she divided 
mto two parts, and placed them at interest, in such a man- 
ner, that the incomes from them were equal. If she had 
put out the first portion at the same rate as the second, she 
would have drawn for this part 360 dollars interest ; and if 
she had placed the second out at the same rate as the first, 
she would have drawn for it 490 dollars interest. What 
were the two rates of interest ? 

Ans. 7 and 6 per cent. 
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CHAPTER VII. 
Of Proportions and Progressions. 

135. Two quantities of the same kind may be compared 
together in two ways : — 

1st. By considering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2nd. By considering how many times one is greater or 
less than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together with 
respect to their difference, we find that ]2 exceeds 3 by 9; 
and in comparing them together with respect to their quo- 
tient, we find that 12 contains 3 four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arith- 
metical Proportion, and the second Geometrical Proportion. 

Hence, Aritftmetical Proportion considers the relation of 
quantities with respect to their difference, and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 



Qu«8T. — 135. In how many wajs may two quantities be compared 
together 1 What does the first method consider 1 What the second! 
What is the first of these methods called ! What is the second called? 
How then do you define the two proportiona 1 
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Of Arithmetical Proportion and Progression. 

136. If we have four numbers, 2, 4, 8, and 10, of 
which the difierence between the first and second is equal 
to the difference between the third and fourth, these num * 
bers are said to be in arithmetical proportion. The first 
term 2 is called an antecedent, and the second term 4, with 
which it is compared, a consequent. The number 8 is also 
called an antecedent, and the number 10, with which it is 
compared, a consequent. 

When the difierence between the first and second is equal 
to the difierence between the third and fourth, the four num- 
bers are said to be in proportion. Thus, the numbers 

2, 4, 8, 10, 

ire in arithmetical proportion. 

137. When the difierence between the first antecedent 
and consequent is the same as between any t\70 adjacent 
terms of the proportion, the proportion is called an arith' 
metical progression. Hence, a progression by differences, or 
an arithmetical progression, is a series in which the succes- 
sive terms continually increase or decrease by a constant 
number, which is called the common difference of the 
progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 



QuKST. — 136. When aro four numbers in arithmetical pioportiimf 
What ia the first calledt What ia the second called! What is the 
rhird called 1 What is the fourth called 1 
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the first is called an increasing progresston, of which tne 
c()mmon difference is 3, and the second a decreasing pro^ 
^gressum, of which the common difference is 4. 

In general, let a, b, c, d, e^f, . . . designate the terms 
of a progression by difierenoes ; it has been agreed to write 
Them thus : 

a,h.e,d.e.f.g,h.i.k... 

This series is read, a is to 6, as & is to c, as c is to <f, as ^ 
is to «, &c. This is a series of continued equi-differences^ 
in which each term is at the same time a consequent and 
antecedent, with the exception of the first term, which is 
only an antecedent, and the last, which is only a consequent. 

138. Let f represent the common difference of the 
progression 

a.b.c,d.e.f.g.h^ &c, 

which we will consider increasing. 

From the definition of the progression, it evidently follows 
that 

b=a+r, cz=b+r=za+2r, dz=c+r=a+3r; 

and, in general, any term of the series is equal to the first 
term plus as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it : the expression for this general term is 

l=a-f-(»— l)r. 



Quest. — 137. What is an arithmetical progression! What is che 
namber called by which the tenns are increased or diminished ? What 
IS an increasing progression 1 What is a decreasing progression 1 
"Uliich term is only an antecedent 1 Which only a consequent 1 
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Hence, for finding the last term, we have the following 

RULE. 

I. Multiply the common difference hy one less than the, 
number of terms. 

II. To the product add the first term: the sum wiU be the 
last term. 

EXAMPLES. 

The fonnula /=a+(n— l)r serves to find any term 
whatever, without our being obliged to determine all those 
which precede it. 

1. If we make n=l, we have /=a; that is, the series 
will have but one term. 

2. If we make n=2, we have J=(i-*-r ; that is, the series 
will have two terms, and the second term is equal to the 
first plus the common difierence. 

8. If a=3 and r=2, what is the 3rd term? Ans. 7. 

4. If a=5 and r=4, what is the 6th term? Ans. 25. 

5. If a=Y and r=5, what is the 9th term? Ans, 47. 

6. If a=8 and r=5, what is the 10th term ? 

Ans. 53. 

7. If a=20 and r=4, what is the 12th term ? 

Ans. 64. 

8. If a=40 and r=20, what is the 50th term? 

Ans. 1020. 



Quest. — 138* Give the rule for finding the last term of a series when 
Ihe progression is increasing. 
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9 If ar=45 and r=30, what is the 40th term ! 

Ans. 1215 

10. If 11=30 and r=20, what is the 60th term? 

Ans. 1210 

11. If a=z50 and r=10, what is the 100th term? 

Ans. 1040 

12. To find the 50th term of the progression 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . ., 
we have /=:1 +49x3= 148. 

13. To find the 60th term of the progression 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . ., 
we hare /= 1 +59 X 4=237. 

139. If the progression were a decreasing one, we 
should hare 

/=a— (ii--l)r. 

Hence, to find the last term of a decreasing progression, 
we hare the following 

RULE. 

I. Multiply the common difference by one less than the num* 
her of terms. 

II. Subtract the product from the first term . the remaxndm 
wiU be the last term 



QuKST. — 139. Give the rule for finding the last term of a aerie*, 
when the progreaaion ia deereaaing. 
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EXAMPLES. 

1. The first term of a decreasing progression is 60, the 
mtmber of terms 20, and the common difference 3 : what 
is tae last term ? 

/=a-(n-l)r gives /=60-(20— 1)3 = 60— 57=3. 

2. The first term is 90, the common difference 4, and 
the nmnber of terms 15 : what is the last term ? Ans. 34. 

3. The first term is 100, the number of terms 40, and the 
common difierence 2 : what is the last term ? Ans. 22. 

4. The first term is 80, the number of terms 10, and the 
common difiference 4 : what is the last term ? Ans, 44. 

5. The first term is 600, the number of terms 100, and 
the conmion difierence 5 : what is the last term ! 

Ans. 105. 

6. The first term is 800, the number of terms 200, and 
the common difierence 2 : what is the last term ? 

Ans. 402. 

140. A progression by dififerences being given, it is 
proposed to prove that, ths sum of any two terms, taken at 
eqwd distances from the two extremes, is equal to the sum of 
the two extremes. 

That is, if we have the progression 

2 . 4 . 6 . 8 . 10 . 12, 

we wish to prove that 

4+10 or 6+8 

is equal to the sum of the two extremes 2 and 12. 

20 
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Let a,h.e,d,e./,.,.i.k.l be the pio* 
posed progression, and n the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms aAer it 
we have, from what has been said, 

x=a+pxr, 

and y=zl^pxr; 

whence, by addition, x+y:=a+l. 

Which demonstrates the proposition. 

Referring this proof to the previous example, if we sup- 
pose, in the first place, x to denote the second term 4, then 
y will denote the term 10, next to the last. If x denotes 
the 3rd term 6, then y will denote 8, the third term from 
the last. 

Having proved the first part of the proposition, write the 
progression below itself, but in an inverse order, viz : 

a.b,e,d.e,f...i.k,L 

I , k . i m . e • b , a. 

Calling S the sum of the terms of the first progression, 
2S will be the sum of the terms in both progressions, and 
we shall have 

2S={a+l)+{h+k)+(e+t) . . . +(t+e)+{k+b)+{l+a). 

Now, since all the parts a+l, b+k^ e+i ... are equa] 
to each other, and their number equal to n, 

25=:(a+/)n. or S=(^)n. 
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Hence, for finding the sum of an arithmetical series, we 
have the following 



RULE. 

I. Add the two extremes together^ and take half their sum, 

II. Multiply the half-sum by the number of terms ; the 
product will be the sum of the series. 

EXAMPLES. 

1. The extremes are 2 and 16, and the number of terms 
8 : what is the sum of the series ? 

« /a+J\ „ 2+16 ^ ^ 

S=(^-y-jXn, gives S=— ^ — x8=72. 

3. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? Ans. 180. 

3. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series ? Ans. 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is the sum of the series ? Ans. 12000. 

5. The extremes are 500 and 60, and the numbei of terms 
20 : what is the sum of the series ? Ans. 5600. 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series ? Ans. 50000. 



QuBfT. — 140. In evezy progression, what is the sum of the two ex- 
tremes equal to 1 What is the rule for finding the sum of an arithmeti- 
cal soriosi 
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141. In aritlmietical proportion there are five namben 
10 be considered : — 

Ist. The first term, a. 

2nd. The common difierence, r. 

3rd. The number of terms, ». 

4th. The last term, /. 

5th. The sum, S. 

The formulas 

Z=a+(n-l)r and S=(^)xii 

contain five quantities, a, r, n, i, and S, and consequently 
give rise to the following general problem, viz : Any Mre» 
of these Jive quantities being given, to determine the other 
two. 

We already know the value of S in terms of a, n, and r 
From the formula 

/=a+(n-l)r, 
we find a=/— (n— l)r. 

That is : The first term of an increasing arithmetical pro- 
gression is equal to the last term, minus the product of the 
common difference by the number of terms less one. 
From the same formula, we also find 

/-a 



f=:- 



-r 



That is : In any arithmetical progression, the common differ^ 
ence is equal to the difference between the two extremes divided 
by the number of terms less one. 

QuKfT. — 141. How many numbers are considered in arithmotica] 
proportion 1 What are they 1 In every arithmetical progression, what 
is tho common difference equal to 1 
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The last term is 16, the first term 4, and the number of 
terms 5 : what is the common difierence ? 



The formula 




gMCS 



2. The last term is 22, the first term 4, and the number 
of terms 10 : what is the common difTerence ? Ans. 2. 

1 42. The last principle affords a solution to the follow- 
ing question : 

To find a number m of arithmetical means between two 
given numbers a and b. 

To resolve this question, it is first necessary to find the 
common difiference. Now, we may regard a as the first 
term of an arithmetical progression, b as the last term, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by m+2. 

Now, by substituting in the above formula, b for /, and 
m+2 for n, it becomes 

b—a b—a 



m-l-2 — 1 m-hl 



that is, the common difference of the required progression is 
obtained by dividing the difference between the given num- 
bers a and 6, by one more than the required number of 
means. 



QncsT. — 142. How do jou find any number of arithmetica] meant 
oetween two given numbers 1 

20» 
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Having obtained the common difference, fonn the second 
term of the progression, or the first arithmetical meany by 

adding r, or , to the first term a. The second 



m+l 
*8 obtained by augmenting the first by r, &c. 

1. Find three arithmetical means between the extremes 
2 and 18. 

The formula r= r 

m+l 

18—2 , 
gives r= — - — =4 ; 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and T/. 
The formula 

gives 

Hence the progression is 

12 . 17 . 22 . 27 .... 77 

143. Remark. If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, will 
form but one and the same progression. 

For, let a,h,c,d.e,f.., be the proposed 
progression, and m the number of means to be inserted 
between a and h^ h and c, c and d . . . 
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From what lias just been said, the common difference of 
each partial progression will be expressed by 

ft— a c—b d—e 



OT-M ' fw-f 1 • OT+1 • ' * 

which are equa] to each other, since a, 6, c . . . are in 
progression : therefore, the common difference is the same 
m each of the partial progressions ; and since the last term 
of the first, forms the first term of the second, &c, we may 
conclude that all of these partial progressions form a single 
progression. 



EXAMPLES. 

1. Find the sum of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . 

For the 50th term we have 

/=2 + 49x 7=345. 

50 
Hence, 5 = (2 + 345) X— =347x25=8675. 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695 

3. Find the sum of 100 terms of the series 1.3.5. 
7.9... Ans, ] 0000 

4. The greatest term is 70, the common difference 3, and 
the number of terms 21 : what is the least term and the 
sum of the series ? 

Ans, Least term 10 ; siun of scries 840 
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5 The firat term is 4, the common difference 8, and ihe 
number of terms 8 : what is the last term, and the smn of 
the series ? 

. C Last term 60. 
^' iSum =256. 

6. The first term is 2, the last term 20, and the nmnber 
of terms 10 : what is the common difference T 

Ans. 2. 

7. Insert four means between the two numbers 4 and 19 : 
what is the series ? 

Ans. 4 . 7 . 10 : 13 . 16 . 19. 



8. The first term of a decreasing arithmetical progres- 
sion b 10, the common difference — , and the number of 

3 

terms 21 : required the sum of the series. 

Ans. 140. 

9. In a progression by differences, having given the 
common difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ans. First term =5 ; number of terms 31. 

10. Find nine arithmetical means between each antece- 
dent and consequent of the progression 2. 5. 8. 11. 14 ... 

Ans. Common dif., or r=0,3. 

11. Find the number of men contained in a triangular bat- 
talion, the first rank containing one man, the second 2, the 
third 3, and so on to the n*, which contains n. In other 
words, find the expression for the sum of the natural num« 
bers 1, 2, 3 . . ., from 1 to n inclusively. 

Ans. S==(=+i) 
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12. Find the sum of the n first tenns of the progression 
of uneven numbers 1, 3, 5, 7, 9 . • . Ans. S=:nK 

13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards from each other, 
how far will a person travel who shall bring them one by 
one to a basket, placed at 2 yards from the first stone 1 

Ans, 1 1 miles, 840 yards 



Geometrical Proportion and Progression. 

144. Ratio is the quotient arising from dividing one 
quantity by another quantity of the same kind. Thus, if 
the numbers 3 and 6 have the same unit, the ratio of 3 to 6 
will be expressed by 

I- 

And in general, if A and B represent quantities of the same 
kind, the ratio of A to B will be expressed by 

B 
X 

145. If there be four numbers 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 



QoiiT.--144. What ia ratiol What la the ratio of 3 to 6t Of 4 
to 191 
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4aid to be in proportion. And in general, if there be foiii 
quantities, A^ jB, C, and D, having such values that 

&en A is said to have the same ratio to B that C has to D 
or, the ratio of ii to B is equal to the ratio of C to D. 
When four quantities have this relation to each other, thej 
are said to be in proportion. Hence, proportion is an equality 
of ratios. 

-To express that the ratio of ii to B is equal to the ratio 
of C to 2>, we write the quantities thus : 

A : B :: C : D; 

and read, A is to B as C to D. 

The quantities which are compared together are called 
the terms of the proportion. The first and last terms are 
called the two extremes, and the second and third terms, the 
two means. Thus, A and D are the extremes, and B and 
C the means. 

146. Of four proportional quantities, the first and third 
are called the antecedents, and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three taken in order. Thus, in the last pro- 
portion A and C are the antecedents, and B and D the 
consequents. 



Qnirr. — 145. What is proportion t How do you express that foin 
numhen are in proportion 1 What are the numbers called 1 'WhtA art 
the fint and fourth called 1 Wliat the second and third 1 — 146. In four 
proportional quantities, what are the first and third called 1 What the 
second and fotirth t 
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1 47 . Three quantities are in proportion when the first 
has the same ratio to the second that the second has to the 
third ; and then the middle term is said to be a mean pro- 
P')rtional between the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

1 48. Quantities are said to be in proportion by tnver' 
sioTij or inversely^ when the consequents are made the ante- 
cedents and the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 
the inverse proportion would be 

6 : 3 : : 16 : 8. 

1 49. Quantities are said to be in proportion by altertuh 
tion, or altemcttelyy when antecedent is compared with ante- 
cedent and consequent with consequent. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16. 
ihe alternate proportion would be 

3 : 8 : : 6 : 16. 



QuBST. — 147. \\'ben are three quantities proportional t What is tlie 
middle one called \ — 148. When are quantities said to be in proportion 
by inversion, or inversely \ — 149. Wlion are quantities in proportion by 
alternation t 
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1 50. Quantities are said to be in proportion by compo^ 
sttion, when the sum of the antecedent and consequent is 
compared either with antecedent or consequent 

Thus, if we have the proportion 

2 : 4 : : 8 : 16, 
die proportion by composition would be 

2+4 : 4 : : 8+16 : 16; 
that is, 6:4:: 24 : 16. 

151. Quantities are said to be in proportion by dwisumj 
when the difference of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion 

3 : 9 : : 12 : 36, 

the proportion by division will be 

9-3 : 9 : : 36-12 : 36; 
that is, 6 : 9 : : 24 : 36. 

153. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiples will 
be 54 and 45 ; for 

6x9=54, and 5x9=45. 



QuBtT.— 160. When are quantities in proportion by compodtMiil 
—161. When are quantities in proportion by division 1 — 168. What 
are equi-mnltlples of two or more quantities 1 
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Also, mxA and mx ^ are equi-multiplea of A and B, the 
common multiplier being m. 

153. Two quantities, A and B^ are said to be recipro- 
caUy proportional^ or inversely proportional^ when one in- 
creases in the same ratio as the other diminishes. When 
this relation exists, either of them is equal to a constant 
quantiQr divided by the other. 

Thus, if we had any two numbers, as 2 and 4, so related 
to each other that if we divided one by any number we must 
multiply the other by the same number, one would increase 
just as fast as the other would diminish, and their product 
would be constant. 

154. If we have the proportion 

A : B :: C : D, 

we have -t-=— , (Art. 1 45) ; 

and by clearing the equation of fractions, we have 

BCz=AD. 

That is. Of four proportional quantities^ the product of the 
two extremes is equal to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numbers 

2 : 10 : : 12 : 60, 

which gives 2 x 60=10 x 12=120. 

QvBST. — 163. Wben are two quantities laid to be redprocally pro 
portional 1 — 164. If four qoantitiea aiB proportioiial, what is the produce 
of the two meaoa equal to 1 

91 
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155. If four qiiantides, A^ Bj C, D, are so related to 
each other that 

AxD=BxC. 

we shall also have -r=-77 ; 

A O 

and hence, A : B : : C : D. 

That is ; If the product of two quantities is equal r9 the prfh 
duet of two otJier quantities, two of them may te made the 
extremes, and the other two the means of a proportion. 
Thus, if we have 

2x8=4x4, 

we also have 

2 : 4 : : 4 : 8. 

1 56. If we have three proportional quantities 

A I B \i B \ C, 

we have "J^ 5" ' 

hence, B^z=:AC, 

That is : 7^ square of the middle term is equal to the prodktet 
of the two extremes. 

Thus, if we have the proportion 

3 : 6 : : 6 : 12, 
we shall also have 

6x6=6«=3x 12=36. 



QuBBT. — 155. If the product of two quantities is equal to the product 
of two other quantities, may the four be placed in a proportion ! Howl 
— 150. If three quantities are proportional, what is the product of tlw 
mctremes equal to^ 



GEOMETRICAL PROPORTION. • 2S5 

167. If weliare 

S D 
A : B :: C : D, and consequently --j-=-p7, 

Q 

multiply both members of the last equation by -=rt w® 
then obtain, 

and hence, A : C : : B : D. 

That is : If four quantities are proportional^ they vnU he m 
proportion by alternation. 

Let us take, as an example, 

10 : 15 : : 20 : 30. 

We shall have, by alternating the termSt 

10 : 20 : : 15 : 30. 

158. If we have 

A : B :: C : D and A : B :: E : F, 

we shall also have 

B D :, B F 

D F 
hence, -r^ =-= and C : D : : E : F. 

That is : If there are two sets of proportions having am 



QusiT.— 167. If four qnantitiM tre proportional, will they be in pnv 
portion by alternation T 
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anteeedetU and consequent in the one equal to an antecedent 
and consequent of the other ^ the remaining terms wiU he pro 
portional. 

If we have tlie two proportionB 

2 : 6 : : 8 : 24 and 2 : 6 : : 10 : 30, 

we shall also hare 

8 : 24 : : 10 : 30. 

159. If we have 

B D 
A : B i: C : D^ and coiiBeqQeiitly X^ c"' 

me have, by dividing 1 by each member of the equation 

Jk C 

-5- =-77, and conaequently B i A i: D \ C. 

That is : Four proportional quantities unQ be in proportions 
when taken inversely* 

To give an example in numbers, take the proportion 

7 : 14 : : 8 : 16 ; 

(hen« the inrerse proportion will be 

14 : 7 : : 16 : 8, 

in which the ratio is one-half. 

160. The proportion 

A : B :: C : D gives AxD=zBxC. 



QussT.— 168. If yoa have two seta of proportions haiing en inte- 
cedent uid consequent in each, equal ; what wiU follow 1—160. If foo. 
qnaatitiee are in prapoitioii, will thtj be in proportion when fiakei b- 
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To each member of the last equation add BxD, We 
shall then hare 

{A+B)xD={C+D)xBi 

and by separating the factors, we obtam 

A+B : B :: C+D : D. 

If, instead of adding, we subtract BxD from both mem- 
hers, we have 

(A-5)xD=(C-D)x5; 
which gives 

A^B : B :: C-^D : D. 

That is : If four quantities are proportional^ they wiU be in 
proportion by composition or division. 

Thus, if we have the proportion 

9 : 27 : : 16 : 48, 

we shall have, by composition, 

9+27 : 27 : : 16+48 : 48 : 

that is, 36 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 

The proportion gives us, by division, 

27—9 : 27 : : 48-16 : 48; 

that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-half. 



QffMT. — 160. If four quantities are in proportion, will they be in pm- 
^ortiofi by compoaition 1 Will they be ui proportion by diviaion 1 What 
ifl the difierence between composition and diviaion ^ 
• 31» 
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161. If we have 

and multiply the numerator and denominator of the fiiai 
member by any number m, we obtain 

— 7-=-7r and mA : 018 : : C : D. 
mA C 

That is : Equal multiples of two quantities have the same 
ratio as the quantities themselves. 

For example, if we have the proportion 

5 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6, we 
have 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

163. The proportions 

A I B w C I D and A : B \ i E i F, 

give AxD=:BxC and AxF^iBxE; 

adding and subtracting these equations, we obtain 

A(D±F)=zB{C:^E), or A : B :: CdzE : DdzF 

That IB: If C and D, the antecedent and consequent, be aug' 
mented or diminished by quantities E and F, which have the 
same ratio as C to D, the resulting quantities will also have 
the same ratio. 



QvBtT. — 161. Have equal multiplea of two quantitiea the same ratic 
as the quantities 1 — 162. Suppose the antecedent and consequent be* 
augmented or diminished by quantities having the same ratio ! 
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Let us take, as an example, the proportion 

9 : 18 : : 20 : 40, 

a prhich the ratio is 2. 

If we augment the antecedent and consequent hy 15 and 
3U which have the same ratio, we shall have 

9+15 : 18+30 : : 20 : 40 ; 

that is, 24 : 48 : : 20 : 40, 

in vkhich the ratio is still 2. 

If we diminish the second antecedent and consequent by 
the sduno numbers, we have 

9 : 18 : : 20-15 : 40-30; 

that is, 9 : 18 : : 5 : 10, 

in which the ratio is still 2. 

163. If we have several proportions 

A : B \i C I D, which gives ilxZ)=BxC, 
A : B \i E I F, „ „ AxF^zBxE, 
A : B :: G : H, „ „ AxH=:BxG. 
&c, &c, 
we sh«Jl have, by addition, 

A{D+F+H)=B{C+E+G)i 
and by separating the factors, 

A : B :: C+E+G : D+F+H. 

That is : In any number of proportions having the same 
ratio, any antecedent will be to its consequent, as the sum of 
the antecedents to the sum of the consequents. 
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Let UB take, for example, 

2 : 4 : : 6 : 12 and 1 : 2 : : 3 : 6, A« 
Then, 2:4:: 6+3 : 12+6; 

tliat ia, 2 : 4 : : 9 : 18, 

in whick the ratio ia atill 2. 

164. If we hare four proportional qoantitiea 

B D 
A I B : : C : Df we have -r=-77 » 

A O 

and raiaing both membera to any power, aa n, we have 

B^ir 

and conaeqnently 

A- : JJ- : : C" : D-. 

Thatia: If four quaniUies an j^roportumaif any Uke p cmt n 
€T roots wHl be proporiionat. 
If we have, for example, 

2 : 4 : : 3 : 6, 
we ahall have 2' : 4' : : 3' : 6* ; 
that ia, 4 : 16 : : 9 : 36, 

in which the terma are proportional, the ratio being 4. 

165. Let there be two aeta of proportiona, 

B D 
A : B : : C : D^ which givea -j=7Tf 

P T¥ 

QvBST.— 163. In tnj number of proportions having the same ratia 
how will any one antecedent fce to its eonseqnent 1 — 164. In fear pro 
portional quantitiM, how are like powers or roots 1 
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Multiply them together, member by member, we have 

jap n// 
-^=-00- w^cl^ gi^es AE : BF :: CG : DIL 

That is : In two sets of proportional quantities, the products 
of ike corresponding terms^ wiU be proportional. 

Thus, if we have the two proportions 

8 : 16 : : 10 : 20 
and 3 : 4 : : 6 : 8, 

we shall have 24 : 64 : : 60 : 160. 

Geometrical Progression. 

166. We have thus far only required that the ratio of 
the first term to the second should be the same as that of 
the third to the fourth. 

If we impose the farther condition, that the ratio of the 
second term to the third shall also be tiie same as that of the 
first to the second, or of the third to the fourth, we shall have 
a series of numbers, each one of which, divided by the 
preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called 
a geometrical progression, II ence , 

A Geometrical Progression, or progression hy quotients, is 
a series of terms, each of which is equal to Uie product of 



QtmsT.— 166. In two setii of proportTons, how aro the prodncto of tho 
corresponding terms ^ 
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that which precedes it by a eanstant nunUfer^ which number 
is called the ratio of the progression. Thus, 

1 : 3 : 9 : 27 : 81 : 243, &c, 

is a geometrical progression, which is written by merely 
placing two dots between each two of the terms. Also, 

64 : 32 : 16 :*8 : 4 : 2 : 1 

is a geometrical progression, in which the ratio is one-half. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an increasing progression, and the 
second a decreasing progression. 

Let a, b, c, (f , e, /, . . . be numbers in a progression by 
quotients ; they are written thus : 

aibicidieifig.*. 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distinc- 
tion, that one is a series of equal differences, and the other 
a series of equal quotients or ratios. It should be remarked 
that each term is at the same time an antecedent and a con- 
sequent, except the first, which is only an antecedent, and 
the last, which is only a consequent. 



QuBST. — 166. What is a geometrical progression 1 What is the ratio 
9f the progression 1 If any term of a progression bo multiplied by the 
ratio, what will the product be 1 If any term be divided by the ration 
what will the quotient be t How is a progression by quotients written t 
Which of the terms is only an antecedent 1 Which only a consequent* 
How may each of th« others be considered 1 
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167. Let q denote the ratio of the progression 

a I b : e I d . . .; 

q being > I when the progression is increasing^ and ^< 1 
when it is decreasing. Then, since 

b e d e ^ 

we have 

bz:zaqj e=:bq=:aq^, d=zcqz=aq^f ez:zdq=aq^f 
^=eqz=aq^ . . .; 

that is, the second term is equal to aq, the third to aq^, the 
fourth to o^, the fifUi to aq*^ &c ; and in general, any term 
A, that is, one which has n— 1 terms before it, is expressed 
by a^'K 

Let I be this term ; we then have the formula 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

RULE. 

L Raise the ratio to a power whose exponent is one less than 
the number of terms. 

II. Multiply the power thus found by the first term : the 
product vnU be the required term. 



QuBsT. — 167. By what letter do we denote the ratio of the progretP 
■ioni In an increasing progression is q greater or less than P In a 
decreasing progression is q greater or less than 11 If a is the first term 
and q the ratio, what is the second term equal to? What the third'! 
What the fourth 1 What is the last term equal tol Give the rule for 
finding the last term 
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EXAMPLES. 

1. Find tlie 5th tenn of the progressioB 

2 : 4 : 8 : 16 . . 
in which the first term is 2 and the coomKm ratio 3. 
5th term=2x 2^=2x16=32 Ans. 

2. Find the 8th term of the progression 

2 : 6 : 18 : 54 . . . 

8th term=2 x 3^=2 x 2187=4374 Ans. 

3. Find the 6th term of the progression 

2 : 8 : 32 : 128 . . . 
6th term=2x4»=2x 1024=2048 Ans. 

4. Find the 7th term of the progression 

3 : 9 : 27 : 81 . . . 

7th term=s3 x3<r=3 X 729=2187 Ans. 

fi. Find the 6th term of the progression 

4 : 12 : 36 : 108 . . . 

6th tenn=4x 3^=4x243=972 Ans. 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
tenth day f Ans, $5,12. 
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7. What is the 8th tenn of the progression 
9 : 36 : 144 : 576 . . . 
8th tenn=9x 4^=1:9x16384=147456 Ans. 
8 Find the 12th term of the progression 

64 : 16 : 4 : 1 : -r-^. . . 

4 

(1 V 11 4» 1 1 

4/ 4" 4« 65636 

168. We will now proceed to determine the sum of n 
terms of the progression 

a : b z e : d : e I f I . . . I i i k : I; 

I denoting the nth term. 

We have the equations (Art. 167), 

b:=aqf e=zbqf d^eq^ e^dq^ . . . k=:iq, i=kq; 

and by adding them all together, member to member, we 
deduce 

Sum of l»i memhen. Sum of 9nd membert. 

h+c+d+e+ . . . +k+l:=z{a+b+e+d+ . . . +i+k}q; 

in which we see that the first member wants the first term 
a, and the polynomial within the parenthesis in the second 
member wants the last term /. Hence, if we call the sum 
of the terms S, we have 

S— a=(S— /)^=Sy— Zy, or 87—8 = ^^0; 

whence 8=-^ — --> 

^-1 

92 
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Therefore, to obtain the sum of the tenns of a geometrical 
progression, we have the following 



I. Multiply the last term by the ratio. 

II. Subtract the first term from the product. 

III. Divide the remainder by the ratio diminished by unity ^ 
and the quotient will be the sum of the series. 

1. Find the sum of eight terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2x3'=4374. 

_^^13122-2^ 
q—l 2 

2 Find the sum of the progression 

2 : 4 : 8 : 16 : 32. 

S=-^qi=ilz±=62 
y-1 1 

3. Find the sum of ten terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2x3»:^39366. 

Ans. 59048. 

4. What debt may be discharged in a year, or twelye 
months, by paying $1 the first month, $2 the second month, 



QvK8T.^-168. Give the rule for finding the sum of the eeriet. Whit 
w the first step 1 Waat the second t What the third t 
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$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment ? 

^^ i Debt, , . $4095. 
' C Last payment, $2048. 

5. A gentleman married his daughter on New Year's day, 
and gave her husband Is, towards her portion, and was to 
double it on the first day of every month during the year : 
what was her portion? Ans, ir204 1 5s. 

6. A man bought 10 bushels of wheat on the condition 
that he should pay 1 cent for the 1st bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel and for the ten bushels ? 

. i Last bushel, $196,83. 
"** i Total cost, $295,24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

-^ C Last, 140737488355328fttt. 
' ( Sum, 160842843834660. 

169 When the progression is decreasing, wc have 
9<1 and 2<a; the above formula . 

s- ^-g 

q—l ' 
for the sum is then written under the form 

in order that the two terms of the fraction may be positive. 

QuvsT. — 163. What is the fonnula for the sum of the senee vf a 
decreasing progressioD 1 
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1. Find the Bum of the terms of t}ie progresaion 

32 : 16 : 8 : 4 : 2 

32-2X-5- «. 

2 2 

2. Find the sum of the first twelve terms of the progression 

1 / 1 \" 1 

64 : 16 : 4 : 1 : — : . . . : 64( — J , or 

4 \4/ 65536 

1 1 ^ 

64-^^47^ Xt 256- 



Q_ a-lq _ 65536 4 65536 65535 

1-y" 3^ "" 3 " ■*■ 196608' 

4 

Remark. — 170. We perceive that the principal diffi- 
culty consists in obtaining the numerical value of the last 
term, a tedious operation, even when the number of terms 
Is not very great. 

3. Find the sum of 6 terms of the progression 

512 : 128 : 32 . • . 

Ans. 682} 

4. Find the sum of seven terms of the progression 

2187 : 729 : 243 . . . 

Ans. 3279. 

5. Find the sum of six terms of the progression 

972 : 324 : 108 

Ans. 1456. 

6. Find the sum of 8 terms of the progression 

147456 : 36864 : 9216 . . . 

Ans. 196605 
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Of Progressions having an infinite number of terms 

171. Let there be the decreasing progression 
a I h X e \ d I e I f I , . , 
ronUuning an indefinite number of terms. In the formula 

substitute for / its ralue af"'^ (Art. 167), and we hare 

which represents the sum of n terms of the progression. 
This may be put under the form 

Now, since the progression is decreasing, ^ is a proper 
fraction ; and f is also a fraction, which diminishes as n 
increases. Therefore, the greater the number of terms we 
take, the more will x 9" diminish, and consequent- 
ly the more will the partial sum of these terms approxmiate 

to an equality with the first part of S, that is, to •- . 

Finally, when n is taken greater than any given number, or 
ii=infinity, then -z x^ will be less than any given 

number, or will become equal to ; and the expression 

D^-ill represent the true value of the sum of all the terms of 

the series. Whence we may conclude, that the expression 

93* 
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for the sum of the terms of a decreasing progression^ in v^ikk 
the number of terms is infinite, is 



That is, eqttal to the first term divided hy I minus the ratio. 

This is, properly speaking, the limit to which the partiak 
sums approach, by taking a greater number of terms in the 
progression. The difference between these sums and 

can become as small as we please, and will only 

become nothing when the number of terms taken is infinite 

EXAMPLES. 

1. Find the sum of 

1111 . ^ . 

3 9 27 81 ^ 

We have for the expression of the sum of the terms 

a 1 3 

8=-=-:= — ^-=4-• ^^' 

3 

The error committed by taking this expression for i^«i 
▼alue of the sum of the n first terms, is expressed by 

First take n=5 ; it becomes 

3 / 1 N» 1 1 



Kt) 



2 . 3* 162 



QgssT. — 165. When the progresaion is decreasing and the nomber €0 
terms infinite, what is the value of the sum of the series 1 
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Wlien 11=6, w« find 

2X3/ 162 3 486 * 

f 3 

Whence we see that the error eammitted, when -^ is 

taken for the sum of a certam number of terms, is less in 
proportion as this number is greater. 
2. Again take the progression 

1 1 1 1 1 - 
* • 2 • 4 • 8 • 16 • 32 • ^'^ 

We hare S=.p-^= — ^-=2. Ans. 
8. What is the sum of the progression 

^•^' W 1^' -io5oo-' *•'' '°^"*^- 

10 

173. In the several questions of geometrical progres- 
sion there are Gve numbers to be considered: 

1st. The first term, a. 

2nd. The ratio, q. 

3rd. The number of terms, n. 

4lh. The last term, I 

5t]i. The sum of the terms, S. 



QoKST. — 166. How many numben ara considered in geometrieai pro- 
gression t What are they 1 



253 BLSMBNTAET ALQSBftA. 

173. We shall terminate this subject by the question, 

To find a mean proportional between any two numbnrSi 
as m and n. 

Denote the required mean by or. We shall then have 
(Art. 156), 

a*= rnxUf 

and hence x = y/mxn. 

That is, Multiply the two numbers together, and extract the 
square root of the product. 

1. What is the geometrical mean between the numbers 
2 and 8? 

Mean= y8x2= vTB=4 Ans. 

What is the mean between 4 and 16 ? Ans. 8 

3. What is the mean between 3 and 27 ? Ans, 9. 

4. What is the mean between 2 and 72 ? Ans. 12. 

5. What is the mean between 4 and 64 \ Ans. 16. 



Quest. — 167. How to you find a meui proportional betwees lw« 
numbeni 
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CHAPTER VIIL 
Of Logarithms, 

1 74. The nature and properties of the logarithms in com 
mon use, will be readily understood, by considering atten- 
tively the difierent powers of the number 10. They are, 

10»«1 

10»=10 

10«=»100 

10<»1000 

10*«10000 

10««100000 

&c. &c. 

It is plain that the indices or exponents 0, 1, 2, 3, 4, 5, &c. 
form an- arithmetical series of which the common difierence 
is 1 ; and that the numbers 1, 10, 100, 1000, 10000, 100000, 
&c. form a geometrical series of which the common ratio is 
10. The number 10, is called the base of the system of log- 
arithms ; and the indices 0, 1, 2, 3, 4, 5, &c., are the loga- 

QcKST^ — n^ What relation exists between the exponents 1, 2, 3, 
&e. 1 How are the oonesponding nnmbeia 10, 100, 1000 1 What is 
the common difference of the exponents 1 What is the common ratio of 
the corresponding numbeis 1 What is the base of the common system 
of logarithms? What are the indioesi Of what nnmber is the index 
I the logarithm^ The index 2 ? The index 3T 



254 ELEMENTARY ALGEBRA. 

rithms of the numbers which are produced by raising 10 to 
the powers denoted hj those indices. 

1 7S> If we denote the base of the system by a, and the 
logarithm of any number by m, then the number itself will 
e the mth power of a : that is, if we represent the corres- 
onding number by JIf, 

a-=Jlf 
Thus, if we make m=0, M will be equal to 1 ; if m^=»h 
M will be equal to 10, &c. Hence, 

The logarithm of a number is the exponent of the power 
to which it is necessary to raise the base of the spstem in order 
to produce the number. 

I 76. Letting, as before, a denote the base of the system 
of logarithms, m any exponent, and M the corresponding 
number : we shall then have, 

in which m is the logarithm of JIf. 

If we take a second exponent n, and let A* denote the cor- 
responding number, we shall have, 

in which n is the logarithm of A*. 

If now, we multiply the first of these equations by the 
second, member by member, we have 

a"'xa"=a"^"=sJlfxJV*; 
but since a is the base of the system, m+n is the logarithm 
MxJ^\ hence, 

QczBTd — ^175. If we denote the base of a system by a, end the expo, 
nent hy 'm, what will lepresent the corresponding number 1 What is the 
logarithm of a number 1 WB. To what is the sum of the logarithms of 
any two numbers equal ! To what then, will the addition of loguithma 
correspond* 
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The sum of the logarithms of any two numbers is equal to 
the logarithm of their product 

Therefore, the addition of logarithms corresponds to the 
multiplication of their numbers. 

177. If we divide the equations by each other, member 
y member, we have, 

but since a is the base of the system, m-~n is the logarithm 
of — ; hence, 

If one number be divided by another^ the logarithm of the 
quotient will he equal to the logarithm of the dividend dimir 
nished by that of the divisor. 

Therefore, tJie subtraction of logarithms corresponds to the 
division of their numbers, 

178. Let us examine further the equations 

10«=1 

10»=10 

10* =100 

10^=1000 

&c. &c. 
It is plain that the logarithm of 1 is 0, and that the loga- 
nthms of all the numbers between 1 and 10, are greater than 
and less than 1. They are generally expressed by decimal 
fractions: thus, 

log 2=.0.301030 

QuKST. — lYY If one number be divided by another, whst will the 
lognrithm of the quotient be equal to! To what then will the subtrac- 
tion of loi^rithins correspond 1 1Y§. What is the logarithm of 1 ? 
Between what limits are the logarithms of all numbers between 1 and 10 1 
How are they generally expressed? 
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The logarithms of all the numbers greater than 10 and less 
than 100, are greater than 1 and less than 2n and are generally 
expressed by 1 and a decimal fraction : thus, 
log 50=1.698970 

The part of the logarithm which stands on the left of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is always one less tJum the places of integer 
figures in the number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10| 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 

Table of Logariikmi, 

1 79* A table of logarithms is a table in which are written 
the logarithms of all numbers between 1 and some other 
given number. A table showing the logarithms of the num- 
bers between 1 and 100 is annexed. The numbers are written 
in the column designated by the letter N, and the logarithms 
in the columns designated by Log. 

Quest. — How is it with the logarithms of numben between 10 anJ 
100! What is that part of the logarithm called wfaioh stands at the left 
of the characteristic? What is the value of the characteristici I1f!|. 
MThat VB a table of logarithms ? Explain the mamier of finding thff loga- 
rithms of numbers between 1 and lOOT 
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N. 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 

11 
12 
13 
14 

15 

16 
17 
18 
19 
20 
21 
22 
23 
24 
25 


Log. 


N. 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 


Log. 


N. 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

66 
67 
68 
69 
70 
71 
72 
73 
74 
75 


Log. 


N. 
7(j 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 


Log. 


O.000000 
0.301030 
0.477121 
0.602060 
0.698970 


1.414973 
1.431364 
1.447158 
1.462398 
1.477121 


1.707570 
1.716003 
1.724276 
1.732394 
1.740363 


1.880814 
1.886491 
1.892095 
1.897627 
1.903090 


0.778151 
0845098 
0.903090 
0.954243 
1.000000 


1.491362 
1.505150 
1.518514 
1.531479 
1.544068 


1.748188 
1.755875 
1.763428 
1.770852 
1.778151 


1.908485 
1.913814 
1.919078 
1.924279 
1.929419 


1.041393 
1.079181 
1.113943 
1.146128 
1.176091 


1.556303 
1.568202 
1.579784 
1.591065 
1.602060 
1.612784 
1.623249 
1.633468 
1.643453 
1.653213 


1.785330 
1.792392 
1.799341 
1.806180 
1.812913 


1.934498 
1.939519 
1.944483 
1.949390 
1.954243 


1.204120 
1J230449 
1.255273 
1.278754 
1.301030 
1.322219 
1.342423 
1.361728 
1.380211 
1.397940 


1.819544 
1.826075 
1.832509 
1.838849 
1.845098 


1.959041 
1.963788 
1.968483 
1.973128 
1.977724 


1.662758 
1.672098 
1.681241 
1.690196 
1.698970 


1.851258 
1.857333 
1.863323 
1.869232 
1.875061 


1.982271 
1.986772 
1.991226 
1.995635 
2.000000 



EXAMPLES. 

1. Let it be required to multiply 8 by 0, by means of loga 
rithms. We have seen. Art. 176, that the sum of the loga- 
rithms is equal to the logarithm of thejproduct. Therefore, 
find the logarithm of 8 from the table, which is 0.903090 
and then the logarithm of 9, which is 0.954243; and tlie 
sum, which is 1.857333, will be the logarithm of the product. 

23 
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In searching along in the table, we find that 72 stands nppo- 
site this logarithm : hence^ 72 is the product of 8 by 9. 
2. What is the product of 7 hj 12 ? 

Logarithm of 7 is, . . . . 0.845098 
lA>garithm of 12 is, . . . . 1.079181 



Logarithm of their product, . . 1.924279 

and the number corresponding is 84^ 

3. What is the product of 9 by 11 ? 

Logarithm of 9 is, . . . 0.954243 

Logarithm of 11 is, . . . . 1.041393 



Logarithm of their product, • . 1.995636 

and the corresponding number is 99. 

4. Let it be required to divide 84 by 3. We have seen in 
Article 177, that the subtraction of Logarithms corresponds 
to the division of their numbers. Hence, if we find the lo- 
garithm of 84, and then subtract from it the logarithm of 3, 
the remainder will be the logarithm of the quotient. 
The logarithm of 84 is, . . . 1.924279 
The logarithm of 3 is, . . . 0.477121 



Their difference is, . . « 1.447158 

and the number corresponding is 28. 

5. What is the product of 6 by 7 ? 

Logarithm of 6 is, . . . . 0.778151 

Logaritlim of 7 is, • • . . 0.845098 

rheir sum is, 1.623249 

and the corresponding number of the table, 42. 



SUPPLEMENT. 

BXAMPLBS IN ADDITION AND BUBTRACTlOlf 

1. What 18 the sum of 

2. What ia the sum of 

3. What is the sum of 

4. What is the sum of 

6. What is the sum of 

0. What is the sum of 
5(i»^+7aA»c— 3a-^*—12a^»c+ 6a»^*—9a»A»+A^— ««**•- 3A« 

7. What is the sum of 

—lOaA 

8. Wliat is the sum of 

5a»A''+3a*A»-'— 3<i'— 3cfl-i'+Va'^— »— a+10a'+a-^+ 

9. What is the sum of 

9a»6*c*— 76+ 186— 5a'!»"+c*— 3J»+3a"6'"— Aii»6V+3c» 

10. From — Qa-x*— 13+2<7A^a>— 46-ca!» 
take 36»car'— 9a»a:«— 6+2a6'a? 

259 
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U. From 


6a^7a'fi»— 3«i»+7d 


take 


— 16a'6'+3a«— So*— red* 


12. From 


9o-fi»+6a6-— if+lSa*** 


take 


7fl*&'+d»— 8«6-+9a-6« 


13. From 


126'<f— leo***— &i-6'+8«^ 


take 


Ga-ft*— 6a(*+ 16a«ft'+ 126'rf' 


14 From 


ai»6»c'— 12«-6+6aa;«+8ad- 


take 


Sad'^-Sa'A'c'— 12a-6+6aar» 


15. From 


120-6'— Soe*— 4«6+6o'*'— 


take 


3a— 6o'6'+ laa-i*— Qoz'+Sofc 




KXAMPLKB IN MULTIPUCATIOR. 


1. What is the product of 




a-Xo" 



2. What 18 the product of 

2a»x7a»x— 3a* 

3. What 18 the product of 

Mxa'dxlOax^x—l 

4. What is the product of 

^-a^X—Sar*xfx6tM'c» 

5. What is the product of 

Mb'xlOcfb'cxSa' 

6. What is the product of 

— 7a»6Vx8a*6"rfx76»cx— 1 

7. What is the product of 

cTb'cqXa'Ifcf^XffbX''^ 

8. What is the product of 

(a*— 3a&— ^«)x4fl«6 

0. What is the product of 

(2a»6*— 5a«c«-f 9(r»6V) xaa«W 
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10. What is the product of 

(7A*/+2/»— 3a/»V+7) X— 8/i*f 

11. What IB the product of 

(a»6*— c6»iP/ +3c-) X—2bi*d 

12. What is the product of 

i3. What is the product of 

(3A«-^ifc/+2?) X(A*— 7*Z) 

14 What is the product of 

(6/"— 17/Z+3P) xCr+4/*Z) 

15. What is the product of 

{^—leax+Ba?) X (&^— 2rf«)- 

16. What is the product of 

(aP+«*+a«)x(aP— 1) 

17. What is the product of 

18. What is tlie product of 

(2d*aJ'— 3**3^) X(2a*a;»+3jy) 

19. What is the product of 

(7a»— 5a«A+6ai^— 2^) x(3rt*—4i^i+ IMV) 

20. What is the product of 

(a«— 3tf*y+6a»ft*)x(7a*— 4rfy+^)- 

EXAMFLES IN DIVISION. 

1. Divide a" by «■. 

2. Divide rf» by a**. 

3. Divide 8a>« by 2ii«. 

4. Divide ca^* by drf*. 

23* 
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6. Divide 6(a+ft)* hj 3{a+by. 

6. Divide (a+a:)'x(a+y)' by (a+jc)x(a+y)'. 

7. Divide 6a»5»— lW/+27d*Aa!, by 3a«. 

8. Divide bi? — c** by b — a?. 

9. Divide €f+i^b--ali^-^ by «— *. 

10. Divide 3a»+16a**— 33a»5»+14^y by i^+7fl3. 

11. Divide a'— 6a«ft»+14a*A^— 12d*i» by <^— 2a»^. 

12. Divide a*— 2aV+A* by a»— y. 

13. Divide — ««^+15a"y— 48a"A*— 20a*W 
by 10a»5»— a«ft. 

14. Divide c^— 162* by «■— 2*". 

15. Divide 2a*— 13a*J+31<^i»--38ai'+24ft* 
by 2a»— 3a^+4y. 

16. Divide Ac^—W€*+6^c—l^ by 2c«— 3*c f y. 

17. Divide —l+tftf by — l+on. 

18. Divide a«+2a*a»+a« by a»— a«+z*. 

19. Divide i— 62'+27«* by i+2z+32«. 

20. Divide a«— 16a*a:»+64r' by a*— 4ar+4i*. 

21. Divide a»(P— 3ii»cd»+3ac*(f— c'cP+a»c«£p— oc^il* 
by a"cP— 2acd"+c»cP+ac»<i 

EXAMPLES IN REDUCTION OF FRACTIONS. 

1. Reduce to its simplest terms the fraction 

lSacf-J&bdcf—2ad 
3adf 

2. Reduce to its simplest terms the fraction 

Sa'— 6a&+4c+l 
—2a 
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3. Reduce to its simplest terms the fraction 

4. Reduce to its simplest terms the fmction 

ab — ac 



&. Reduce a — 6+-^^ to the form of a fiactioii. 



6. Reduce or— ^ to the form of a fraction. 



7. Reduce a+b+?.^ to the form of a fraction. 
a 



8. Reduce 9— <i6— > to the form of a fraction. 



»-*±£=^ to 



9. Reduce a— — to the fonn of a fraction. 



10. Reduce 6af*x+9af— "^^ to the form of a fraction. 





11. Reduce 6aex — v — to the form of a fraction. 

fae 

12. Reduce to an entire or mixed quantity the fraction 

6ii»y— 10ay4.7g*^g 

13. Reduce to an entire or mixed quantity the fraction 
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14. Reduce to an entire or mixed quantity the fraction 



15. Reduce the fdlowing fractions to a common denomi- 
nator: viz. 

— X b—'C 4flg— c 
a+x f a — X 

16. Reduce the following fractions to a common denomi- 
nator: viz. 



a 



, ?=fand--i. 



Sax—*' 3A 

17. Reduce the following fractions to a common denomi- 
nator: viz. 

la — c c y 

18. Reduce the following fractions to a common denonu- 

nator: viz. 

^+^ and ^^^/ 
Sac-—f Aax 

19. Reduce the following fractions to a common denomi- 
nator: viz. 

_a+x a:^^^ ^ 
a+x a 



20. Reduce the following fractions to a common denomi- 
nator: viz. 

^LttH, i±f and ^r?. 
X — a e x+a 
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ADDITION, SUBTRACTION, MULTIPLICATION AND DIVISION 
OF FRACTIONS. 

1. What is the sum of — ^, and c 

a? — a a — x 



2. What is the sum of 5^^^; ^IZ? and y 

a — c 

3. What is the sum of ??, ^IT??, JffL, 

b a 3c — 'f 

4. What is the sum of HuL, ^fZ^, Oay 

c+a — or 

6. What is the sum of 3a+ zr±^ 2a— -. 

«— a a+o 

6. From Sa+ ^ take 5?=^ 

6 a — * 

7. From ®^lff toke 3- ?fl 



8. From .ff±3?L take if^zS^l 

acx — ay ay 

9. From gy- ^+^ take 3ay+ 5f^ 

ox 9 

10. From -g?- take 7«y- ^'^^ 

8* 8a— « 

11. MulUply 7a+ ^ by f=f 

12. Multiply Jl. by 3aj^ Jf^Z^ 
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13 Multiply ^"—^ by 2a+ ®f?=^ 
3a+x ' 9a 

14. Multiply 3ax+ ^^^Zf by 6+ ± 
16. Multiply 6ii+ id|i by ^~^ 



—h ' a»-* 



16. Divide 3ac— 2fliic-/+ ^ by 2a 

d 

17. Divide ?+^— 3ac+7by ?f 

d 2e d 

18. DiTide *,«- i?l_?^_ J*!.+ ^ _ i^ 

2 4 2 8 2 

by 3a— «J+ ^ 

19. Divide 2r- «§L* + ?^ + 2^_15A. + ^ 

"^ 12 8 HF 4 3 

. 2/ 3A , , 

20. Divide - ^ + ^-^ + ^ +25J» 



BXAMFLES IN BQUATIOlfS Of THE FIRST DBORBB. 



1. Given < 



^fp+Tx =41 



to find X and y. 
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2. Given 






to find X ud y. 



3 UWen ax+-fL+ j(z-/) ^^tofindx. 



4. GiTen fz£+*=l.-*=f.» d, to find «. 
4 6 e 



5. Given < 



3y-<r ^ 2g— y _ ^ 

6 ^~r" 

6x-y + ?Z^-43l 



to find X and y. 



a GiTen 



7. GiTen * 



8a>— 3— ?=? «. 79 



' to find X and y. 



to find « and y . 



8. Giren f=f— f:^ + X - ft, to find «. 



9. Giren?2=:«f_?f=§f + x_d-/,tofind«. 



10. 



Gi^«n l^+*l lijtofindxandjr. 



11. Given ^^ + £;;L + 4(au_3) « 68, to find «. 
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12. Given 



13. Given 



14 Given 



i* + iy + i* - 6 



Cx + 2y +3z =- 14 ) 
<*— y + « = 2 Sto 

^3x+6y + «=il8^ 

4 5 

2^4 



to find C9 jf^and s. 



find Xy y, and x. 



^ to find X, y and x. 



.5 ai«n 5^/j!::f*'-'i»+"i'|i.tod.»d,. 

17. Given j j!Jy^ J^ j to find a: and y. 

18. Given \%XS Zk\^^^^ ^^9* 

C a ^ h ^ 

19. Given < ft+j^ 3a+x > to find x and y. 

( ax+2 hy^dJ 

C hex =s cjf — 2h ^ 

20. Given } « , a(c'— y) ^2y j. ^^ > ^ findar andy. 



21. Given 



3x+5y - (y-y 



y-:r— ?*A. 



^"-^ [to 



find X and y. 
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22. Given <x + y — 2 =s 18( > to find x^ y and : 

(x — y + z^l3l) 

C ar + 5y » 161 ) 

23. GiTen < 7x + 2z » 209 > to find «, y and s. 

l2y+ ,-89 ) 



24. Given 



86. Given 



1 + i-a 
1 + 1-c 



to find ff, y and s. 



C ox + ^ » c^ 
^dx + ey^/Sto 



find «} y and %. 



EXAMFLBS IN EQUATIONS OF THE SECONT DEGREE. 

1. Given a^ — 5}«=>18 to find x. 

2. Given 3a;*— 2x=i65 to find *. 

9. Given 622xa 15x^+6384 to find x. 

4. Given ll|x— 3ia;'ca— 41^, to find x. 

6. Given 9ia;^— 90 Jx+ 195=0, to find x. 

6. Given 20748— 16 16ar+21x^=i0, to find x. 

7. Given O^x^— 90^x4- 195»0, to find x. 

8. Given 1§J.+1?S5^+ 4728=0, to find «. 

o 60 

24 
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9. Given x*— Sar^U to find x. 

10. Given 3z'+«=7 to find x. 

11. Given llSr— 2i2'=20 to find «; 

12. Given 6j>— SO^Sx* to find x. 

13. Given ac»— 7a:+34=0 

14. Given 4c»— 9ar=6a:»— 255J— Sjc to find x. 

15. Given 80x+gj^+^^"^'"^^^ »1869^-3:e> 

4 12 

17. Given ?^+i|^=._JO^ to find «. 

10a>— 81 6*— 8 6 

18. Given l^M ^gOfjj 66 ^ ^^j ^, 

6(3— «) 19—7* 4(3-nr) 

19. Given a:«— 7ar+3i=0 

20. Given 42*— 9a;«6x'— 255]— 8x to find «• 

21. Given — i_— — ?L-. to find «. 

a:+60 ar--6 

22. Given J12.+^»13 tofind«. 

»— o a: 

23. Given Jl,— 6«?2 to find «. 

ar+2 3x 

24. Given :^=-i^--.^ to find «. 

ar+3 a?+10 



PROMISCUOUS QUESTIONS. 

EQUATIONS OF TBE FIRST DEGREE. 

1. A person expends 30 cents for apples and pears, giving 
one cent for four apples, and one cent for five pears : he then 
sold, at the prices he gave, half his apples and one-third his 
pears, for 13 cents. How many did he buy of each ? 

2. A tailor cut 19 yards from each of three equal pieces 
of cloth, and 17 yards from another of the same length, and 
found that the four remnants were altogether equal to 142 
yards. How many yards in each piece ? 

3. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are nine times 
as many infantry, and three times as many artillery soldiers, 
as there are cavalry. How many are there of each corps ? 

4. All the joumeyings of an individual amounted to 2970 
miles. Of these he travelled 3^ times more by water than 
on horseback, and 2^ times more on foot than by water. 
How many miles did he travel in each way ? 

5. A sum of money was divided between two persons, A 
and B. A^s share was to exceed B's in the proportion of 6 to 
3, and to exceed five-ninths of the entire sum by 60. What 
was the share of each ? 

6. There are 62 pieces of money in each of two bags, out 
of which A and B help themselves. A takes twice as much 
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as B lef\, and B takes seven times as much as A left How 
much did each take ? 

7. Two persons, A and B, agree to purchase a house to 
gether, worth $1200. Says A to B, give me two-thirds of 
your money and I can purchase it alone; but, says B to A, 
if you give me three-fourths of your money I shall be able to 
purchase it alone. How much had each ? 

8. A father directs that $1170 shall be divided among his 
three sons, in proportion to their ages. The oldest is twice 
as old as the youngest, and the second is one-third older than 
the youngest How much was each to receive ? 

9. Three regiments are to furnish 594 men, and each to 
furnish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second to 
the third as 8 to 7 ? How many must each furnish ? 

10. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 785. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 79s. a dozen. What is the price of each liquor per 
dozen ? 

11. A person bought 7 books, the prices of which were in 
arithmetical progression, (in shillings.) The price of the one 
next above the cheapest, was 8 shillings, and the price of the 
dearest, 23 shillings. What was the price of each book ? 

12. A number consists of three digits, which are in arith- 
metical proportion. If the number be divided by the sum of 
the digiu, the quotient will be 26 ; but, if 198 be added to it, 
the digits will be inverted. 

13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
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will make his yalue equal to that of the second and third ; if 
it be put on the back of the second^ it will make his value 
double that of the first and third ; if it be put on the back of 
the third, it will make his value triple that of the first and 
second. What is the value of each horse ? 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There are 22 sailors to 
every three guns, and 10 over; also, the whole number of 
hands is five times the number of soldiers and guns together. 
But aHer an engagement, in which the slain were one-fourth 
of the survivors, there wanted 5 men to make 13 men to 
every two guns. Required, the number of guns, soldiers, 
and sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this. A, who has the 
most, gives to B and C as much as they have already : then 
B divides with A and G in the same manner, that is, by giving 
to each as much as he had after A had divided with them : G 
then makes a division with A and B, when it is found that 
they all have equal sums. How much had each at first ? 

16. To divide the number a into three such parts, that the 
first shall be to the second as m to n, and the second to the 
third as ji to ^. 

17. Five heirs. A, B, G, D, and £, are to divide an in- 
heritance of $5600. B is to receive twice as much as A, and 
(200 more; G three times as much as A, less $400; D the 
half of what B and G receive together, and 150 more ; and E 
the fourth part of what the four others get, plus $475. How 
much did each receive ? 

18. A person has four casks, the second of which being 

24* 
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filled from the first, leaves the first four-sevenths fall. The 
third being filled from the second^ leaves it one-fourth fnll, 
and when the third b emptied into the fourth, it is found to 
fill only nine-sixteenths of it But the first will fill the third 
and fourth, and leave 15 quarts remaining. How many 
quarts does each hold ? 

19. A courier who had started from a place 10 days, waa 
pursued by a second courier. The first travels 4 miles a 
day, tlie other 9. How many days before the second will 
overtake the first? 

20. If the first courier had led n days before the other, 
and made a miles a day, and the second courier had travelled 
b miles, how many days before the second would have over- 
taken the first ? 

21. A courier goes 31|^ miles every five hours, and is 
followed by another after he had been gone eight hours. 
The second travels 22|^ miles every three hours. How 
many hours before he will overtake the first ? 

22. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other, at the rate of 3| 
miles per hour. Eight hours after, a person departs from the 
second place, and travels at the rate of 5^ miles per hour. 
How long before they will meet each other ? 

23. Three masons, A, B, and C, are to build a wall. A 
and B together can do it in 12 days ; B and C in 20 days ; 
and A and C in 15 days. In what time can each do it alone, 
and in what time can they all do it if they work together ? 

24. A laborer can do a certain work expressed by a, in a 
time expressed by ^ ; a second laborer, the work c in a time 
d; 3, third, the work e in a timey. It is required to find the 
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tune it would take the three laborers, working together, to 
perform the work g. 

25. Required to find three numbers with the following 
conditions. If 6 be added to the Ist and 2d, the sums are to 
one another as 2 to 3. If 5 be added to the Ist and 3d, the 
sums are as 7 to 11; but, if 36 be subtracted from the 2d 
and 3d, the remainders will be as 6 to 7. 

26. The sum of $500 was put out at interest, in two 
separate sums, the smaller sum at two per cent, more than 
the other. The interest of the larger sum was afterwards 
increased, and that of the smaller diminished, by one per 
(^ent. By this, the interest of the whole was augmented one- 
fourth. But if the interest of the greater sum had been so 
increased, without any diminution of the less, the interest of 
the whole would have been increased one-third. What were 
the sums, and what the rate per cent ?- 

27. The ingredients of a loaf of bread weighing 15Z^. 
are rice, flour, and water. The weight of the rice, augmented 
by 5/&S., is two-thirds the weight of the flour; and the 
weight of the water is one-fifth tlie weight of the flour and 
rice together. Required, the weight of each. 

28. Several detachments of artillery divided a certain num- 
ber of cannon balls. The first took 72 and | of the re- 
mainder; the next 144 and | of the remainder; the third 
216 and | of the remainder; the fourth 288 and | of what 
was left; and so on, until nothing remained; when it was 
found that tho balls were equally divided. Required, the 
number of balls and the number of detachments 

29. A banker has two kinds of money; it takes a pieces 
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of the first to make a crown, and b of the second to make 
the same sum. He is offered a crown for c pieces. How 
many of each kind must he give ? 

30. Find what each of three persons, A,B,and C is worth, 
knowing, Ist, that what A is worth, added to I times what 
B and C are worth, is equal to p ; 2d, that what B is worth, 
added to m times what A and C are worth, is equal to ^ ; 3d, 
that what C is worth, added to n times what A .and B are 
worth, is equal to r. 

31. Find the values of the estates of six persons, A, B, C, 

D, E, and F, from the following conditions. 1st The sum 
of the estates of A and B is equal to a; that of C and D to 
h ; and that of £ and F to c. 2d. The estate of A is worth 
m times that of C ; the estate of D is worth n times that of 

E, and the estate of F is worth p times that of B. 
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PROMISCUOUS QUESTIONS. 



INVOLVING EaXJATIONB OF THB SECOND DRGREK. 

1. Find three numbers, such, that the difierence between 
the third and second shall exceed the difference between the 
second and first by 6 : that the sum of the numbers shall be 
33, and the sum of their squares 467. 

2. It is required to find three numbers in geometrical pro- 
gression, such that their sum shall be 14, and the sum of 
tlieir squares 84. 

3. What two numbers are those, whose sum multiplied by 
the greater, gives 144, and whose difiference multiplied by the 
less, gives 14 ? 

4. What two numbers are those, which are to each other 
as m to n, and the sum of whose squares ia bf 

5. What two numbers are those, which are to each other 
as m to n, and the difierence of whose squares is hf 

6. A certain capital is out at 4 per cent interest If we 
multiply the number of dollars in the capital by the number 
of dollars in the interest, for five months, we obtain $ 1 17041)* 
What is the capital? 

7. A person has three kinds of goods, which together cost 
$230^. One pound of each article costs as many times ^ 
of a dollar as there are pounds of that article. Now, he has 
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one-third more of the second kind than of the first, and 3) 
times more of the third than of the second. How many 
pounds had he of each ? 

8. Required to find three numbers, such, that the product 
of the first and second shall be equal to a; the product of the 
first and third equal to h; and the sum of the squares of the 
second and third equal to c. 

9. It is required to find three numbers, whose sum shall be 
38, the sum of their squares 634, and the difierence between 
the second and first greater by 7 than the difference between 
the third and second. 

10. Find three numbers In geometrical progression, whose 
sum shall be 52, and the sum of the extremes to the mean, 
as 10 to 3. 

11. The sum of three numbers in geometrical progression 
is 13, and the product of the mean by the sum of the ex- 
tremes is 30. What are the numbers ? 

12. It is required to find three numbers, such, that the 
product of the first and second, added to the sum of their 
squares, shall be 37 ; and the product of the first and third, 
added to the sum of their squares, shall be 49 ; and the pro- 
duct of the second and third, added to the sum of their 
squares, shall be 61. 

14. Find two numbers, such, that their . difierence, added 
to the difference of their squares, shall be equal to 150, and 
whose sum, added to the sum of their squares, shall be equal 
to 330. 

15. It is required to find a number consisting of three 
digits, snch^ that the sum of the squares of the digits shall be 
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04 ; the square of the middle digit to exceed twice the 
product of the other two by 4 ; and if 594 be subtracted from 
the number, the three digits become inverted. 

16. The sum of two numbers and the sum of their squares 
being given, to find the numbers. 

17. The sum, and the sum of the cubes, of two numbers 
being given, to find the numbers. 

18. To find three numbers in arithmetical progression such, 
that their sum shall be equal to 18, and the product of the 
two extremes added to 25 shall be equal to the square of the 
mean. 

19. Having given the sum, and the sum of the fourth pow- 
ers of two numbers ; to find the numbers. 

20. To find three numbers in arithmetical progression, 
such, that the sum of their squares shall be equal to 1232, 
and the square of the mean greater than the product of the 
two extremes, by 16. 

21. To find two numbers whose sum is 80, and such, that 
if they be divided alternately by each other, the sum of the 
quotients shall be 3^, 

22. To find two numbers whose difitorence shall be 10, 
and if 600 be divided by each of them, the difierence ef the 
quotients shall also be 10. 



II 






